www.svedbergopen.com International Journal of Artificial Intelligence and Machine Learning

International Journal of Artificial
Intelligence and Machine Learning

Svedbéngpen Publisher's Home Page: https://www.svedbergopen.com/

DISSEMINATION OF KNOWLEDGE

Research Paper Open Access

Leveraging Neural Autoregressive Distribution Estimators (NADE)
for Retail Demand Forecasting

Dr.T. Saravanan?’, P. Sagayaraj?, Anshy Singh3, Dr.A. Vanathi4, Dr.D. Subramaniams>, K. Sri Ramulu®

"Professor, Department of ECE, New Prince Shri Bhavani College of Engineering and Technology, Chennai, Tamil Nadu, India. E-
mail: pci.saravanan@gmail.com, https://orcid.org/0000-0003-0200-6847

2Professor, Arts and science, Meenakshi College of Arts and Science, Meenakshi Academy of Higher Education and Research,
Chennai, Tamil Naduy, India. E-mail: sagayaraj@maher.ac.in, https://orcid.org/0000-0002-1572-3549

3Department of Computer Engineering & Applications, GLA University, Mathura, Uttar Pradesh, India. E-mail:
anshy.singh@gla.ac.in, https://orcid.org/0000-0001-5725-1749

“Associate Professor, Department of Computer Science and Engineering, Aditya University, Surampalem, Andhra Pradesh, India. E-
mail: vanathi.andiran@adityauniversity.in, https://orcid.org/0000-0001-9127-0353

SProfessor, Mechanical Engineering, Mahendra Engineering College, Namakkal, Tamil Nadu, India. E-mail:
subramaniamd@mahendra.info, https://orcid.org/0000-0002-7018-5747

6Department of FED, Ramachandra College of Engineering, Eluru, India. E-mail: sriram.koney@gmail.com

*Corresponding author: Email: pci.saravanan@gmail.com

(Abstract

Currently, the challenge of accurately predicting customer demand in retail is an important problem in the field of supply chain
management, and even a small increase in the accuracy of prediction can lead to significant cost savings and improvements in
customer satisfaction. The traditional statistical methods like ARIMA and exponential smoothing have been widely used in the
industry for some time now, but come with some limitations, particularly in accounting for the complex and non-linear nature of
temporal relationships and multivariate interactions. This has led to the use of deep learning alternatives. This paper presents a
novel approach using Neural Autoregressive Distribution Estimators (NADE) to handle the probabilistic retail demand forecasting
problem, overcoming the gap between point-estimate and full distributional inference approaches. The proposed NADE-based model
aims to estimate the joint probability distribution over future demand sequences, which is approached here by breaking the
multivariate distribution into conditionals, allowing for quantifying uncertainty as well as point predictions. The architecture
combines the spatial Graph Neural Network (GNN) layers to model inter-product relational dependency, which is a key requirement
in the retail basket context, and an autoregressive decoder to generate sequential demands. Two benchmark retail datasets were
used for experimental evaluation: the M5 Forecasting Competition dataset and the Kaggle Walmart Sales dataset. For experimental
evaluation, two benchmark retail datasets have been taken: The M5 Forecasting Competition dataset with 42,840 SKUs in 10 stores
across 1,913 days and the dataset of Walmart Sales from the Kaggle website. The results indicate that the proposed NADE-GNN
hybrid has a Mean Absolute Percentage Error (MAPE) of 8.43%, a Root Mean Square Error (RMSE) of 12.17, and a Continuous Ranked
Probability Score (CRPS) of 0.094, achieving improvements of 27.3%, 17.4%, and 14.0%, respectively, over baseline models such as
LSTM, Transformer, and N-BEATS. In the ablation study, the GNN spatial encoding yields an additional 6.2% MAPE improvement, and
autoregressive conditioning yields another 4.1% improvement. It is realized with Python, PyTorch, and DGL, and hyperparameter
optimization is done by grid search. The results show that NADE is a strong, uncertainty-aware foundation for retail demand
forecasting in dynamic, high-SKU retail stores.

Keywords: Neural Autoregressive Distribution Estimator (NADE); Probabilistic Demand Forecasting; Graph Neural Networks;
Retail Supply Chain; Deep Learning; Uncertainty Quantification; Time Series Forecasting.
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Retail demand forecasting is used to forecast the future demand of customers for products at various retail
locations and periods. It is the foundation for just about all of the decisions that are made in the retail value chain,
ranging from inventory replenishment and warehouse staffing to planning promotions and negotiating with
suppliers. The world retail trade market, worth more than $26 trillion, is constantly grappling with demand
volatility, which might be due to seasonality, promotions, consumer sentiment, and macroeconomic variables [6].
The ripple effect of inaccurate forecasts through the supply chain leads to over-inventory, markdowns, working
capital tie-ups, stock out, lost sales and loss in customer loyalty. The traditional time series analysis techniques -
such as Autoregressive Integrated Moving Average (ARIMA), Holt-Winters exponential smoothing, and Seasonal
Decomposition of Time Series (STL) - provided interpretable and simple to compute solutions [4]. These
approaches, however, rely on the assumption of linearity, stationarity, and independence between series,
conditions often not met in real-life retail settings where thousands of correlated Stock-Keeping Units (SKUs)
exist, hierarchies exist at different levels, and demand is non-stationary [7]. Some hybrid methods combining
statistical models with machine learning regressors partially addressed these limitations, but were not able to
achieve the capacity for complete distributional inference.

Deep learning has revolutionized the demand forecasting process. More recent models have gradually replaced
some of the classic benchmarks in typical forecasting competitions, such as Recurrent Neural Networks (RNNs),
Long Short-Term Memory (LSTM) networks, Transformer architectures, and Graph Neural Networks (GNNs)
[3][13]. These architectures are now well known to be extended to probabilistic variants that compute full
predictive distributions (and not point estimates), and these extensions are becoming fundamental in addressing
risk-aware inventory optimization and calibration of safety stocks. In this context, Neural Autoregressive
Distribution Estimators (NADE) have proven to be a promising probabilistic backbone because their likelihood
is tractable, it has a flexible conditional structure that allows for efficient training with neural encoder
improvements, and can be applied to a wide variety of tasks [1].

Statement of the Problem

Although great strides have been made in the field of deep learning forecasting, there are still some key missing
points in the literature. First, most of the models deployed (LSTM, GRU, variants of the Transformer) give a
deterministic point forecast without uncertainty quantification of future demand [17]. This constraint can be
especially problematic in inventory decisions that are especially important, where there is a need for tail risk
awareness. Second, current probabilistic forecasting models like DeepAR and N-BEATS do not consider inter-
product substitution, complementarity, or cross-category correlations [22]. Third, probabilistic forecasting of the
large number of retail SKUs, which can be in the millions or higher, is computationally challenging, and sparse-
attention or graph-based methods need to address this [23]. Fourth, the interpretability of models in
probabilistic environments is still restricted, and thus, it is difficult for practitioners to trust models and, in turn,
follow regulations in retail analytics pipelines [9]. The present work arises from these gaps, aiming at a principled
framework for NADE that tackles probabilistic inference, inter-product relational modeling, scalability, and
contributions validated via ablation.

Research Objectives
This research aims to achieve the following:

e To develop and deploy a NADE for probabilistic forecasting architecture with spatial GNN encoders for
modelling inter-product dependency.

e To perform extensive benchmarking of the proposed model with the ARIMA model, LSTM model, BiLSTM
model, Transformer model, N-BEATS model, and GNN-only models on the standardized retail datasets.

e To conduct ablation experiments to understand how each component of the GNN spatial encoder,
autoregressive conditioning, and probabilistic output head contributes.

e To check the uncertainty calibration of the model using the Continuous Ranked Probability Score (CRPS)
and empirical coverage measures.
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o To illustrate the value of the framework in practice by calculating inventory cost scenarios and comparing
expected savings with deterministic scenarios.

Key Contributions

This paper contributes to the demand forecasting literature in the following novel ways: (1) NADE-GNN
Architecture: A novel hybrid model that integrates the autoregressive probabilistic factorization of NADE with
spatial encoding using GNN to model the joint temporal dynamics and inter-SKU relational structure. Known as
the Full predictive distribution output, (2) Uncertainty-Aware Forecasting includes the ability to generate full
predictive distribution output instead of just a point forecast, enabling a variety of decision-making tasks,
including safety stock calibration, Value-at-Risk estimation, and scenario-based planning. (3) Ablation-Validated
Component Analysis: Systematic ablation studies that isolate the contribution of each component of the
architecture, and yield repeatable insights for practitioners. (4) Cost Quantification: Empirical proof of inventory
cost savings (up to 14.8%) realized by probabilistic prediction (as opposed to deterministic prediction) in a
simulated retail setting.

This paper is organized as follows: the rest of this paper will be organized in the following way. The literature
survey is outlined in Section 2, critically examining the previous studies on statistical, machine learning, and deep
learning methods for demand forecasting. The proposed NADE-GNN methodology is explained in section 3,
consisting of the mathematical formulation, the architectural diagram and learning algorithm. Section 4 reports
on the experimental results, including descriptions of the data sets, baselines, and ablation studies, and graphical
analysis. In Section 5, the interpretation of the findings and its implications in practice are discussed. This paper
ends in Section 6, where directions for further research are presented.

2. Literature Survey

The literature includes both classical econometrics and machine learning and deep learning paradigms. This
section aims to present a structured review of the main developments and put them against the references that
support the present study.

Classical Statistical Approaches

The earliest forecasting models were statistical time series models such as ARIMA and SARIMA [4]. Such models
assume linearity, stationarity, and Gaussian residuals, which are valid only in low-SKU and stable environments,
but fail in today's volatile retail environment due to the inter-series correlation and volatility that is inherent in
it [4]. LSTM networks have also been compared with ARIMA models for real-time sales forecasting, where LSTM
models were able to outperform ARIMA models by up to 23% across various retail categories, owing to their
ability to capture long-range temporal dependencies [4]. Likewise, in predicting motor oil sales, ARIMA has been
used in conjunction with neural networks where the hybrid models have been shown to be more effective than
pure ARIMA in cases of non-stationary demand [7]. The classical paradigm was expanded to include forecasting
of the exchange rates using econometric models and neural networks, setting a methodological precedent that
the current study follows when creating hybrid statistical-neural architectures [12].

Machine Learning-Based Forecasting

With the advent of machine learning, gradient boosting, random forests, and support vector regression were
considered as alternatives to the statistical models. The Group Method of Data Handling (GMDH) artificial neural
networks are used for the forecasting of stock prices; such networks are found to be better in non-linear function
approximation than linear baselines [3]. Neural networks have also been investigated in the application to cost-
based decision-making, which is the key that connects with the present study on inventory cost analysis, where
the focus is on the accuracy of prediction and its relationship with the financial optimization [10]. Economies of
machine learning models on demand prediction in supply chains have demonstrated cost reduction up to 17%
compared to ARMA baselines; this is an empirical baseline of the current study on operations [25].
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Deep Learning for Demand Forecasting

After the breakthrough in natural language processing, recurrent architectures (LSTM and BiLSTM) became the
standard approach to sequential demand forecasting. A detailed study presented the comparison of LSTM and
BiLSTM models for the task of retail sales prediction, and showed a significant decrease in MAPE (c. 8.3%) with
the use of BiLSTM, compared to LSTM, although it took more time to train the model [17]. For forecasting of
adaptive material requirements for lean manufacturing, the proposed special variant of LSTM, called
DemandFlex-LSTM, has been used to achieve good performance on sparse and intermittent demand sequences
[20]. Hierarchical aggregation structures have also been investigated in the context of autoregressive recurrent
networks, where data partitioning consistent with the product hierarchy proved to be very useful for the lower
levels of the hierarchy - improving forecast accuracy [11]. Self-attention mechanisms have led to transformer-
based architectures, which are promising alternatives to RNNs for long-horizon forecasting. Probabilistic time
series forecasting models based on transformers have been tested, with the conclusion that attention-based
architectures provide better modeling of long-range dependencies when there is a distributional shift [19]. A
multivariate arrival time model based on RNNs for personalized demand forecasting was proposed in the present
study, extended to inter-SKU spatial correlations, using GNNs, to model inter-customer temporal correlations
[13].

Graph Neural Networks in Forecasting

Relational structure between demand series has been explicitly encoded using Graph Neural Networks and is
becoming popular. A number of GNN architectures have been proposed for product demand prediction, where
product-product graphs are built using co-purchase history and spatial closeness to realize state-of-the-art
performance on a number of retail benchmarks [5]. A probabilistic demand forecasting system based on GNNs
was developed at Amazon scale, it was found that the error of the demand forecast decreased by 9.4% compared
to the independent series model when the products are encoded in relational manner [22].

Probabilistic and Neural Autoregressive Methods

To make multivariate distributions tractable, neural Autoregressive Distribution Estimators (NADE) were coined,
which factorize the distribution into a product of conditionals, with each conditional in turn parameterized by a
neural network with shared weights [1]. Though NADE was first used for image and binary data generation,
sequential demand forecasting is still under-explored in the retailing literatures. The feasibility of probabilistic
demand forecasting at scale has been shown and it is efficient to represent the distribution and compute its
parameters for millions of retail series [23]. There is also a deep approximate forecasting model based on the
uni-regression principle to forecast the demand for a supply chain, which has comparable accuracy on B2B data
sets by applying approximate inference [2].

Hybrid and Emerging Architectures

In recent times the focus has shifted to hybrid structures that make use of the best attributes of various
paradigms. To show the competitive accuracy of the model and its symbolic interpretability, a hybrid network of
Kolmogorov-Arnold Networks and recurrent units (KAN-RNN) was proposed for demand forecasting [18]. A
hybrid model between genetic algorithm and machine learning on demand forecasting for distribution
equipment was proposed, which showed an improvement of 11.2% MAPE compared to N-BEATS [8]. Systematic
evaluation of grid search has been conducted for the hyperparameter optimization of network depth, batch size,
and learning rate in retail sales forecasting, showing that it improves the results of the default settings [21]. A
detailed systematic review of the use of deep learning in supply chain management gave taxonomies of problems,
models and performance metrics [24]. Some other relevant works are modeling world events as external signals
for predicting e-commerce demand anomalies, a review on the application of machine learning to sales
forecasting through time series analysis, a review on Al-assisted data engineering process for intelligent retail
demand forecasting and a systematic review of demand forecasting models for retail e-commerce and a study on
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customer segmentation using RFM modelling [6][9][14][15][16]. The basic NADE formulation, on which the
present model is built, was also developed [1].

Given the proposed framework, inference refers to the process of real-time forecasting of probabilistic demand
from the learned GNN-NADE architecture. The model uses the same autoregressive factorization used in NADE
to compute the joint probability distribution of multi-SKU demand sequences without computing samples, which
are often expensive [1]. This process could be used to assign a number to the uncertainty in addition to point
estimates, which would then provide a more robust basis for making decisions in a dynamic retail environment
[23]. Moreover, the shared-weight design allows for high throughput even for complex relational dependencies
in large-scale product hierarchies during the inference phase.

3. Proposed Methodology

In this section, the NADE-GNN hybrid architecture for probabilistic retail demand forecasts is introduced. The
methodology combines 3 main elements: A Graph Neural Network (GNN) encoder to capture inter-SKU relational
information is described in (i); (ii) a temporal feature extractor based on convolutional and recurrent layers; and
(iii) a NADE-based autoregressive decoder for generating full predictive distributions for multiple time-step
demand horizons.

Problem Formulation
Let D = {(x;,v;)}",denote a dataset of Nretail SKUs, where:
. x; € RT*Fis the input feature matrix
. y; € R¥is the target demand vector
The forecasting model learns a mapping as shown in equation (1):
fo: R™F > P(R") (1)

The joint distribution is factorized as given by equation (2):

H
Py Yoo Yu 1 ) =TI, P(In | y<n, %; 6) (2

NADE-GNN Architecture

The proposed NADE-GNN hybrid architecture for probabilistic retail demand forecasting is shown in figure 1. It
starts with an input layer where the multivariate time-series data x; € R™*, ncluding sales history, price
variations, and promotional activities, as well as calendar features. The inputs are initially passed through a
Graph Neural Network (GNN) spatial encoder, which is a graph G (V, E) storing the inter-product relationships
from the demand similarity and co-purchase. The GraphSAGE mechanism creates node embedding e; € R1?8,
that captures spatial relationship between SKUs.
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Figure 1: NADE-GNN hybrid architecture

Next, a temporal encoder that consists of multi-kernel 1D CNN layers followed by a two-layer LSTM is used to
generate a short-term pattern and long-term temporal dependency information, which is represented as a
contextual vector ¢; € R?%, The spatial and temporal embeddings are then concatenated together, and passed
through a fully connected layer with Layer Normalization and GELU activation to get a unified representation
z; € R%%6, Finally, a NADE is an autoregressive decoder which gives sequential probabilistic forecasts that depend
on earlier forecasts and learned representations. The model returns the full predictive distribution
P(y1,¥2,---, ¥y | x)along with a 90% confidence interval for uncertainty quantification.

GNN Spatial Encoder
Graph is defined as Equation (3):
G=,EW) (3)
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GraphSAGE update rule is given by equation (4):
KD = 5w ® . coneaT(h? AGG (Y u € NOYD)) 4)

Where: h,(,l): node embedding, N (v): neighbours of node v, AGG: mean aggregation, o: ReLU activation

Temporal Feature Extractor

Multi-scale CNN + LSTM:

° CNN kernel sizes: 3,5, 7

. LSTM hidden units: 256

. Dropout: 0.3

Final temporal vector is given by equation (5):

c; € R?56 (5)
NADE Autoregressive Decoder

Shared activation given by Equation (6):

an = WencZzi + Xk<n Ve Vi + b (6)
Mean and variance given by equation (7) and (8):

fn = Wy o(an) + by, (7)

log on = Wgyea(an) + gy, (8)
Conditional distribution is given by equation (9):

P(yn | y<n, x) = N (up, 07) 9)

Training Objective

Loss function is given by equation (10):
1 QN H
L©O) =5 T, 1og P(yin | Yicn%i:6) (10)
i=
Total loss is given by equation (11):

Liotar = Lyrr + /u‘graph (11)

where 1 = 0.01

Training Algorithm
Algorithm 1: NADE-GNN Training Procedure

Input: Dataset D, epochs E, batch size B, learning rate 1)

Output: Trained model parameters 6*

1. Construct product graph G from D using correlation threshold t
2. Initialise 8 with Xavier uniform initialisation
3.Forepoche=1to E:

4. Shuffle D into mini-batches of size B

5. For each batch (X_batch, Y_batch):
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e_i « GNN_Encode(G, X_batch) // Spatial encoding
c_i < CNN_LSTM_Extract(X_batch)  // Temporal encoding

z_i « FusionLayer(Concat[e_i, c_i]) // Fusion

o © N o

Forh=1to H: // NADE decoding
10. a heWenczi+) {k<h}V kyk+b

11.  (p_h, o_h) « OutputHead(a_h)

12. L & NLL(Y_batch, y, o) + A-L_graph(e_i)

13. 8« 0-n-V.OL (AdamW + gradient clipping)
14. Apply cosine LR annealing; log validation CRPS
15. Return 6* = argmin_{e} Validation_NLL(6_e)

Algorithm 1 is based on integrating spatial, temporal, and autoregressive learning into a unified framework, to
enable probabilistic multi-step demand prediction. First, the data is prepared, historical retail data like sales,
price, promotions and calendar effects are transformed to a time-series format. A SKU-level graph is then built
based on the correlations or co-purchase relationships, and a graph G (V, E) that models the inter-product
dependencies is formed. Then, the spatial encoder performs GraphSAGE-based Graph Neural Network on
operations to obtain the node embeddings, which capture the relational information between SKUs.
Simultaneously, the temporal encoder handles the sequential patterns through a number of 1D convolutional
layers of different kernel sizes and then by LSTM layers, allowing it to learn both short-term fluctuations and
long-term temporal dependency. The output of the spatial and temporal modules is concatenated and then
passed to a fully connected layer with normalization and non-linear activation, thereby creating a unified feature
representation. This fused representation is then fed into the NADE autoregressive decoder that recursively
produces future predictions based on previously produced predictions and learned context features. The decoder
makes an estimation of the probabilistic distribution at each step, with mean and variance parameters, to
implement the uncertainty-aware forecasting. Lastly, the model is trained using a negative log-likelihood loss
function and a graph regularizing term, which enforces structural similarity of embeddings. The AdamW
optimizer with learning rate scheduling and gradient clipping is used for optimization to guarantee the stable
convergence property. It returns multi-horizon demand forecast and a 90% confidence interval, making the
model suitable for reliable decision-making in a retail environment.

Data Flow

Figure 2 shows the entire data pipeline data flow starting from raw retail transactions to feature engineering,
graph construction, inference of models and business output layers.

The overall data flow of the NADE-GNN forecasting framework is shown in figure 2. It starts with raw retail data
from various sources like POS transactions, price history, promotions, calendar events etc. The raw inputs then
go through a process of feature engineering, and additional features are engineered using lag features, rolling
statistics, categorical encodings, and graph construction to enrich the predictive information. The processed data
is then fed into the model pipeline comprising three main parts. The first is that the GNN encoder learns the
relationship among SKUs based on the graph-based embedding. Second, the CNN-LSTM module is designed for
capturing temporal dynamics in sequential data. Third, the NADE decoder is autoregressive, exponentially
decoding the time series using a probabilistic model of the conditional dependencies between future time steps.
The final output layer produces forecasted demands and uncertainty measures like confidence intervals and
probabilistic scores like CRPS. This end-to-end flow leads to modelling the spatial and the temporal dependency
together to provide accurate and robust demand forecasting.
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Figure 2: End-to-End Data Flow of the NADE-GNN Retail Demand Forecasting Framework

4. Results

Dataset Description
Two benchmark datasets are used to test forecasting accuracy:

o Dataset 1 (M5 Forecasting Competition): This data set includes hierarchical daily sales data for 3049
products sold by 10 Walmart stores in three states in the United States (CA, TX, WI) for the M5 Forecasting
competition. It covers 1,913 days and contains information like price data, calendar events and SNAP
indicators. The 42,840 unique time series were split into an 80/10/10 chronological split.

e Dataset 2 (Kaggle Walmart Sales): It contains weekly sales data of 45 stores, 81 departments and 143
weeks. It contains outside factors such as temperature, fuel price, CPI and unemployment rate. Training and
evaluation were carried out with a 70/15/15 split.

Software and Parameter Initialization

This is done using an NVIDIA A100 GPU, Python 3.11, PyTorch 2.2.0 and DGL 1.1.2. The optimal parameters were
obtained by a grid search with 216 combinations (as listed in table 1).

Table 1: Final Model hyperparameters (Post Grid Search)
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Parameter Value Justification / Source
Learning Rate () Vhatkar et al. [21]
Batch Size () 128 GPU memory balance
LSTM Hidden Units 256 Grid search optimum
GNN Layers 2 Lietal. [5]
GNN Embedding Dim. 128 Gandhi etal. [22]
NADE Hidden Dim. 256 Uriaetal. [1]
Dropout Rate 0.30 Standard regularization
Graph Threshold () 0.60 Validation CRPS
Training Epochs 100 Convergence analysis
Forecast Horizon () 28d (M5) / 12wk (W) Dataset standard
Auxiliary Loss Weight () 0.01 Tuned on the validation set

Performance Analysis and Baseline Comparison

Seven baselines were used to compare the proposed NADE-GNN model. Table 2 shows that the model clearly
achieves better performance than traditional and deep learning architectures in all measures on the M5 set.

Table 2: Model performance comparison on M5 forecasting dataset

Model MAPE (%) | RMSE | MAE | CRPS

ARIMA 18.74 23.41 17.62 | 0.198

LSTM [4,17] 11.60 17.83 9.44 0.142
BiLSTM [17] 10.81 16.52 897 | 0.131
Transformer [19] 10.20 15.74 8.31 0.124
N-BEATS [8] 9.80 14.91 7.84 0.119
DeepAR 9.41 14.23 7.52 0.112
GNN-only [5] 9.18 13.86 7.24 | 0.109

NADE-GNN (Proposed) 8.43* 12.17% | 6.89* | 0.094*
*Statistically significant at p < 0.01 (Wilcoxon signed-rank test).

M5 Dataset
2001 Walmart Datasat
mn
.82

15+

1501
-
2 14 e Best: 8.43%
&
<
z

ARIMA LSTN BLST™ Transformer NBEATS Deepal GhN-ooly NADE-GNN
[Proposed)

Model

Figure 3: MAPE comparison across models

The Mean Absolute Percentage Error (MAPE) values are compared for different forecasting models in both the
M5 and Walmart datasets for both models in the same figure 3. It reveals that the proposed NADE-GNN model
has the lowest MAPE (8.43% on M5 and 7.91% on Walmart), which shows that the proposed model can reduce
the error by 55% and 27%, respectively, compared to the traditional models such as ARIMA and standard LSTM.
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Figure 4: Training and validation curves

The training loss (based on the Negative Log-Likelihood, or NLL) and the validation Continuous Ranked
Probability Score (CRPS) are monitored on these curves. As seen in figure 4, the model also has a lower CRPS
plateau (0.094) than the other baselines, such as DeepAR, and it achieves efficient convergence within 67 epochs,
further demonstrating that the model is not overfitting, but rather achieving the best distributional calibration.

Metrics Formulas

Mean Absolute Percentage Error (MAPE): MAPE is a measure of point forecasts in percentage terms that can
be readily compared across scales of demand.

o, n 5
MAPE=M E |M| (12)
n t=1 Yt

From equation (12) y;is the actual demand and J,is the predicted demand.

Root Mean Square Error (RMSE): The RMSE is a standard measure, as given in equation (13), that assigns a
higher weight to large errors in the residuals (prediction errors).

RMSE = \[rll (Ve =90 (13)

Mean Absolute Error (MAE): MAE, as given in Equation (14), measures the average magnitude of the errors in
a set of predictions, without considering their direction.

MAE = %Z?:l lye —Pe | (14)

Continuous Ranked Probability Score (CRPS)

CRPS(F,y) = J_ Z (F2) - 1{22y})2 dz (15)

From equation (15) Fis the cumulative distribution function (CDF) of the forecast and yis the actual observed
value.

Prediction Interval Coverage Probability (PICP)

PICP = %z;;l ¢ (16)

L ifye €[01] for the 90% confidence interval.

From equation (16) ¢; = {0 otherwise

Negative Log-Likelihood (NLL)

1 N H
L©O =3 Ty 109 PGin | Vicn %i:0) (17)
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From equation (17) P(y |-)is typically modeled as a Gaussian distribution as given in equation (18):

Yin ~ N (Un, 0f) (18)

Ablation Study and Component Contribution

To determine the effect of individual architectural decisions, five variations were tested. All of the components
are essential to optimum performance, as shown in table 3.

Table 3: Ablation study — component contribution analysis (M5 Dataset)

Model Variant MAPE (%) | RMSE | CRPS MAPE
Full NADE-GNN 8.43 12.17 | 0.094 NA
w/o GNN Encoder 9.03 13.14 | 0.103 | +6.2%
w/o Autoregressive 8.81 1293 | 0.099 | +4.1%
w/o Multi-scale CNN 8.79 12.88 | 0.101 | +3.8%
Gaussian Point 9.41 13.72 | N/A | +10.5%
Shared Unshared 8.96 13.05 | 0.107 | +5.7%
Calibration
(CRPS 1) e Full NADE-GNN

~e— wio GNN Encoder
= B 53 = W0 Autoregressive
i w0 Multi-scale CNN
~o— Gaussian Pomnt

Accuracy

Efficiency AP )
i

(Speed)

Memory = Scalability

Figure 5: Ablation radar chart

The performance contribution of different architectural components is presented in figure 5 along five
dimensions: (1) Accuracy, (2) Speed and (3) Memory. [t shows that the entire NADE-GNN model is in an optimum
performance range. The chart illustrates that if the GNN encoder is removed, the CRPS metric degrades the most,
while replacing the probabilistic "Point Output” with a deterministic one increases MAPE by 10.5%.

Practical Applications and Visualization

Time series forecasting and operational simulations are further showcased by the model.
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Demand (Units)

Forecast Day

Figure 6: Probabilistic Forecast vs. Actual

The model is shown to forecast well for a high-volume SKU in figure 6, where the posterior mean of the model
appears to closely follow actual demand. It specifically confirms the reliability of the model in uncertainty
quantification: the 90% predictive interval covers the actual demand on 92.8% of the days (26 out of 28 days).

5. Discussion

The results of the experiments consistently validate the superiority of the proposed NADE-GNN framework on
both datasets and all evaluation metrics. A few findings are worthy of in-depth interpretation. The improvement
of 6.2% MAPE resulting from the GNN spatial encoder (ablation row 2 in table 3) demonstrates that the product
co-purchase graph provides a significant amount of predictive information beyond each series' historical data.
This result is consistent with papers that separately showed such benefits of spatial encoding in retail and
product demand contexts [5][8][22]. The autoregressive conditioning contribution (4.1%) is smaller than the
contribution of the spatial context extraction (6.2%), which means that the single most important architectural
change in the proposed model is the spatial context extraction. The superior CRPS (0.094 vs. DeepAR 0.112)
reflects better distributional calibration that is, the NADE-GNN's predictive intervals are more accurate at
capturing the true uncertainty in future demand. This is important to the clinical condition of inventory: if the
intervals are miscalibrated, then inventory will be systematically over or under stocked. The empirical 90% PI
coverage of 92.8% (Figure 5) shows that calibration is somewhat conservative, which is desirable for safety stock
applications. The weight-sharing mechanism in NADE's decoder, which was found to be beneficial in the MAPE
degradation of 5.7% in the decoder with unshared MLPs (Table 3, last row), is a parameter-efficient gain that is
well-suited to high-SKU retail scenarios. This is in line with the reported operational cost benefits (14.8% at 95%
service level) of the adopted approach which indicates operational relevance of the proposed approach [25].

6. Conclusion

The NADE-GNN hybrid architecture is a major breakthrough in probabilistic retail demand forecasting, which
successfully brings together the theoretical research of machine learning and the requirements for retail supply
chains. This combination of Neural Autoregressive Distribution Estimators and Graph Neural Networks tackles
key challenges in current approaches, such as the lack of uncertainty quantification and inter-SKU relational
dependencies. Empirical tests on the M5 and Walmart benchmarks show state-of-the-art performance of the
model, with a MAPE of 8.43% and better performance than existing baselines such as LSTM, N-BEATS, and
DeepAR by up to 27.3%. The model delivers more than just predictive performance, it delivers tangible business
value by allowing up to a 14.8% cost reduction on inventory, representing a significant shift in business value
from the best possible model to operational efficiency. The present study is faced with limitations stemming from
the use of public datasets and the computational complexity of GNN encoders, but it lays the groundwork for
future enterprise-scale applications. Future work will include expanding the architecture to enable hierarchical
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forecasting for coherent reporting at national and regional levels, and developing product representations with
semantic embeddings from Large Language Models. Moreover, the incorporation of NADE-GNN information in
closed-loop reinforcement learning and the adoption of sparse graph approximations will be key to the scalability
and dynamics of real-world retail settings. In conclusion, the present framework offers a framework of
uncertainty-aware processing that can satisfy the stringent scale and interpretability requirements of today's
enterprise supply chains.
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