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Abstract
We study the hemivariational inequality HVI(fn&) under (n€oyr — p)-monotonicity, on closed convex subsets K in a
reflexive Banach space. First, we give a concrete coercivity condition and use it to prove existence of a solution when K
is unbounded. The proof truncates K into bounded balls, solves the problem on each ball, and shows the solutions stay
away from the boundary once the ball is large enough. Second, we study the solution set S. We show every solution lies
in one fixed ball, so S is bounded. We show S is weakly closed, hence weakly compact. Third, under a strong monotonicity
hypothesis, S is a single point, and compactness is then trivial. We show why norm-compactness of S does not follow
from our hypotheses when S has more than one point, and we record this as an open problem.
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1 Introduction

Hemivariational inequalities model problems with a nonsmooth, nonconvex energy term. The tools used in
this paper were developed in the following order.

1961 - Fan proved a KKM-type fixed-point lemma [1]. It is the existence tool used throughout this paper.

1968 - Kuratowski introduced the measure of non-compactness used in Section 5 [2].

1981 - Clarke defined the generalized gradient of a locally Lipschitz functional [3]. It underlies the term ]°
in HVI(BnE)

1990 - Zeidler’s monograph collects the monotone-operator theory this paper builds on [4].

2009 - Lee, Khan, and Salahuddin introduced hybrid-kind operators and w-coercivity [5]. We use their

coercivity notion in Definition 2.6.

2010 - Costea and Lupu proved existence for monotone variational-hemivariational inequalities on
bounded K via the Fan-KKM technique, and gave sufficient conditions for existence on unbounded K by
truncation [6]. Theorems 2.4 and 4.1 below adapt this technique to the hybrid-kind setting.

2011 - Brézis’s textbook supplies the reflexive-space facts used in Section 5, such as Kakutani’s theorem
[71.

2012 - Mahato and Nahak gave weak-coercivity conditions for equilibrium problems on unbounded sets
[8]. Condition 3.1 follows the same spirit.

2016 - Hashoosh, Alimohammady, and Kalleji studied equilibrium problems with a-monotone bifunctions
[9].

2017 - Hashoosh proved existence and uniqueness for a class of hemivariational inequalities [10].

2023 - Khisbag, Hashoosh, and Kalt introduced a class of invexity functions for vector variational problems
on H-spaces [14].
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2024 - Hashoosh, Hameed, and Mohsen introduced a new monotone-type operator for hemivariational
inequalities via the KKM-mapping technique [15].

2025 - Carl treated hemivariational inequalities on unbounded cylindrical domains without any coercivity
hypothesis, using different structural assumptions instead [16].

2025 - Cen, Costea, Dumitrescu, and Stanciu combined coercivity with weak compactness of the whole
solution set for coupled quasi-variational-hemivariational systems [17]. Theorem 5.3 below is the
analogous statement for a single hemivariational inequality.

2026 - Kozlowski gave a unified treatment of the Kadec-Klee property [18], relevant to the open problem
in Section 5.

2026 - Alrikabi, Barghooth, Muazi, and Hashoosh gave a Fan-KKM existence theory for vector
hemivariational-like inequalities under a two-map monotonicity condition [19], closely related in spirit to
the hybrid-kind monotonicity used here.

Related equilibrium-type formulations including trifunction and hemiequilibrium versions, and well-
posedness questions for them have been treated along parallel lines [9, 10, 11, 12, 13, 14, 15, 19, 20],
building on the hybrid-kind operators of Lee, Khan, and Salahuddin [5] and the KKM technique of Costea
and Lupu [6], both discussed above.

Still, none of this work proves existence for HVI(fn&) when K is unbounded. None of it studies the shape of
the solution set S either. This paper does both.

Unbounded K arises often in practice: a displacement field on an unbounded elastic body, a strategy set with
no upper bound, a price variable in an economic model. We keep a coercivity assumption, but we write it as
a plain, pointwise condition (Condition 3.1) instead of a limit. That makes it easy to check, and easy to plug
straight into a truncation argument.

This paper makes three contributions.

First, existence on a bounded K. Theorem 2.4 proves it with the Fan-KKM technique, following Costea and
Lupu [6, Theorem 2].

Second, existence on an unbounded K. Condition 3.1 makes the coercivity assumption concrete, in the spirit
of condition (H3) of Costea and Lupu [6, Theorem 3] and of the weak-coercivity conditions of Mahato and
Nahak [8, Condition (iv), Theorem 3.3; Condition (v), Theorem 4.9]. Theorem 4.1 then proves existence. The
proof cuts K into balls K.=K n E(O,r), solves the problem on each ball with Theorem 2.4, and shows the
solutions stay away from the boundary once r is large enough. This is the same truncation idea as [6,
Theorem 3], carried over here to the penalty term £ and the Clarke derivative J°.

Third, the shape of the solution set S. Proposition 5.1 shows every solution sits inside one fixed ball.
Theorem 5.3 shows S is weakly closed, so it is weakly compact. Theorem 2.7 gives a strong-monotonicity
condition under which S is a single point (Corollary 5.5); norm-compactness is then trivial. Without that
condition, we show why norm-compactness does not follow automatically, and we leave this as an open
problem (Open Problem 5.7).

The paper is self-contained. Section 2 recalls only classical, published facts: Clarke’s calculus [3], the Fan-
KKM lemma [1], the Kuratowski measure [2]. Everything else the equivalence theorem, the bounded-
domain existence theorem, the uniqueness theorem is proved here from those facts.

2 Preliminaries
Throughout, B is a real reflexive Banach space, with dual B* and duality pairing (-, ). The set K< B is
nonempty, closed, and convex. Unless we say otherwise, K is unbounded.
Definition 2.1. An element 8 € K solves HVI(Bng) if (8(8,u),n(,0))+&(s) — £(8)+]°(B,5—6) = 0 VG €
K, Vu € T(0). We write S c K for the set of all such 8. We always assume T(8) # @ for every 6 € K.
Throughout, ]:B - R denotes a locally Lipschitz functional, and J°(8,d) denotes its Clarke generalized
directional derivative at © € B in the direction d € B,

J°(8,d) := limsup M

w-9, tl0 t

We recall from Clarke [3] that d - ]°(8,d) is finite, positively homogeneous (J°(8,td)=t]°(6,d) for t>0, and
J°(6,0)=0), and subadditive (J°(8,d;+d,) <]°(6,d;)+]°(8,d,)). It is also upper semicontinuous in (0,d). We
use these three facts often below.

Subadditivity only holds at one fixed point 8. For example it gives J°(0,d)+]°(8, — d) =]°(0,0)=0. But it
says nothing about ]°(8,,d)+]°(8,, — d) when 8, # 0,. This second, mixed kind of expression shows up in
the proof of Theorem 2.7. Condition (1) there absorbs it directly, instead of relying on a two-point
subadditivity that does not hold.
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We also recall the following continuity notion for a set-valued map T:K — 28" with respect to a direction
map 1:K X K - B and the hybrid-kind pairing :K x B - B: T is n-hemicontinuous with respect to § if for
any 0,6 € K, writing 0, := 0+t(¢ — 8) € K for t € (0,1], and for every u € T(0), there exists a selection u; €
T(6,), t € (0,1], such that

lim (8(8,u0)n(6,8))=(B(B,w)(5,8)).

Here B(8, -) is always evaluated at the fixed base point 6, never at the moving point 6,. This matches how 8
is used everywhere else in this paper: its first argument is always the candidate solution point 6 (see
Definition 2.2, the inequality (*), and Theorem 2.7). This is also the direction the proofs below actually need.
We start from an arbitrary u € T(0) the same quantifier used in the definition of a solution and we build an
approximating selection along the segment. We do not just bound a supremum over T(8) that might never
be attained. This mirrors the lower-hemicontinuity condition of Costea and Lupu [6, Definition 1(ii)-(iii)],
which also starts from a fixed, arbitrary element of the value set at the limit point. It reduces to their
condition when B is the identity pairing (6,u)=u.

Definition 2.2. Let T:K » 28, B:K x B* > B, :K x K - B, £:K - R U {+o0} with K n dom(£) # @ (where
dom(¥)={x € B:{(x)<+}), 0:B — R satisfying o(tz)=mt(t)o(z) for all z € B, t>0, for some T:R* - R* with

lim_,q+(t)/t=0, and Y:K X K - R satisfying tlir(g[n(t)ot(g_e) LI 1=0 v0,c € K. T is m&oy — p)-

monotone with respect to B if, for all 8, € K and every u € T(8), (8(8,u),n(,0))+(c) — £(8)+]°(8,c — B) >
0 implies {B(8,v),n(5,0))+(c) — £(8)+]°(8,5 — B) = o(5 — B)+Y(B,5) Vv € T(5). That is, the implication is
required for each individual u € T(0) on its own.
Theorem 2.3. Suppose K is nonempty, closed, and convex, T is n-hemicontinuous and (W&o — p)-
monotone with respect to B, n(6,0)=0 for all 6 € K, n is affine in its first argument, J:B —» R is locally
Lipschitz, and & is convex and lower semicontinuous on K. Then 6 € K solves HVI(n¢) if and only if
(B(BV),N(5,0))+8(5) —8(8)+]°(B,6 — 8) = (s — 0)+P(B,5) Vs EK, v E T(c). (+)
Proof. (=) Suppose 8 solves HVI(Bn¢). Then for all ¢ € Kand u € T(6),
(B(BW),n(5,0))+5(5) — £(B)+]°(8,6 — 0) = 0.

Since T is (n&oy — p)-monotone, this implies, for all v € T(), exactly (*). So 0 solves (*).

(<) Conversely, suppose 6 € K satisfies (*). Fix ¢ € K and an arbitrary u € T(0); we must show
(B(B,u),n(5,0))+E(c) — E(0)+]°(B,c — 8) = 0.Fort € (0,1], set B, := tg+(1 — t)8 € K (by convexity of K). By 1-
hemicontinuity of T with respect to B, there is a selection u; € T(6,), t € (0,1], with

Hm (B(8,u)(5,0))=(B(8,u).n(5,6)). (2.1)
Applying (*) at the pair (6,0,) with this u, € T(6,),
(BOu)n(6,0))+5(6,) —(0)+]°(6,0, — 6) = 0(6;, — 0)+(6,6,). (2.2)

Since 8, — 0=t(¢ — ), the defining properties of ¢ give o(6; — 8)=n(t)o(¢ — ). By hypothesis, n(6,0)=0
and 7 is affine in its first argument, so
1(6:,0)=n(ts+(1 = £)6,0)=t n(5,0)+(1 — t) 1(6,0)=t n(c.,0).
By convexity of &, £(6,) < t&(¢)+(1 —t)&(0),i.e.§(0,) —&(0) < t(g‘(g) — 6(9)). By positive homogeneity
of J° (recalled above), J°(8,8, — 8)=t J°(8,¢ — 6). Substituting these three facts into (2.2),
t[ (B Ou)n(50))+(s) —§(0)+/°(8,s — 0)]

> (B(0,u)n(6,,0))+¢(6,) — £(6)+]°(6,6, — 6)

2 n(t)a(s — 6)+Y(6,6,),
where the first inequality uses £(6,) — £(0) < t(f((;) — 5(9)). Dividing by t>0,

(BOu)IN(60))+E() — EO)+° (85 —8) = "2 (s — 0)+ LEX. (2.3)
By the defining property of i, the right side of (2.3) tends to 0 as t — 0*. By (2.1), the first term on the left
tends to (8(6,u),n(c,0)). The quantity &(¢) — £(8)+/°(8,¢ — 8) does not depend on t. So letting t — 0* in
(2.3) along the sequence u; gives an honest limit, not merely a limsup:

(BOWN(50))+E(5) — §(0)+]°(B,6 — 6) = 0.

Since u € T(#) and ¢ € K were both arbitrary, 8 solves HVI(#né¢).
This argument is the hybrid-kind generalization with the general pairing 3, the general affine direction map
7, and the penalty term ¢ carried through the convexity estimate of the segment argument used by Costea
and Lupu to prove S*=S under lower hemicontinuity [6, proof of Theorem 1]. O
We will use Theorem 2.4 repeatedly in the next section.

Theorem 2.4. Suppose K is nonempty, bounded, closed, and convex, and T:K — 28 is n-hemicontinuous
and (néay — p)-monotone with respect to 5. Assume:

1. n(6,0)=0forallf € K;

2. nis affine in its first argument;
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0:B - Rand y(-,0) are lower semicontinuous for all § € K;
&:K = R U {+0o0} is convex and lower semicontinuous;
J:B = Rislocally Lipschitz;
for each fixed ¢ € K and v € T(¢), the map 8 - {8(0,v),n(¢,0)) is weakly sequentially upper
semicontinuous on K.
Then HVI(Bné) has at least one solution 6 € K.
Proof. We adapt the Fan-KKM argument of Costea and Lupu [6, proof of Theorem 2] to the hybrid-kind
setting. Define F,G:K — 2K by
F(g) :={6 € Kx(B(8,u)n(5,0))+¢(c) —&(0)+]° (6,6 —0) =20 Ju e T(H)},

G(s) := {6 € K:(B(8,v)n(5,0))+E(s) — £(6)+]°(B,6 — 0) = a(s — )+ P(B,5) Vv € T(¢)}.
Step 1: F is a KKM-mapping. Suppose not. Then there is a finite set {¢;, ...,¢,} € K and ¢,=Y7%, t;¢; €
co{¢y, -..,¢n} (with t; = 0,%;t; =1) such that¢, &€ U, F(g;). By definition of F, for every u, € T(¢,) and every
i=1,...,n,

oGk w

(B(50u0)m(51,50)+8 (50) — §(50)+/° (50,61 — 60)<O0.
Multiplying by t; = 0 and summing over i: by hypotheses (1)-(2), X, t; 1(¢,50)=1(50,50)=0; by convexity of
¢ (hypothesis (4)), X;t;&(s;) = é(gy); and by subadditivity and positive homogeneity of J°, ¥;
t:1°(50,5i — o) = ]O(CO,ZL- t; (¢; — (;0))=]0(C0,0)=0. Adding these three facts gives
n

0>Z ti [{B (50,u0) M (51,60))+E (51 = §(50)+1° (50,5 = §0)]1 = (B (0,10),0)+0+0=0,
i=1

a contradiction. Hence F is a KKM-mapping.
Step 2: F(¢) € G(¢) for all ¢ € K. If 6 € F(¢), then there is a specific u € T(8) with (8(6,u),n(,0))+&(c) —
£(@)+J°(6,c —6) = 0. By Definition 2.2, applied to this same u, this implies, for all v € T(c),
(BOVI)M(5,0))+E(c) — E(B)+]°(B,c — B) = a(c — B)+Y(B,5), i.e. 8 € G(¢). In particular, since F is a KKM-
mapping, so is G.

Step 3: G(¢) is weakly closed, for every ¢ € K. Let {6,,} c G(¢) with 6, — 6, weakly in B. For each n
and each v € T(¢),

(3(9nﬂ7):7l (cren)>+€(C) - f(@n)+]0(9n,g - gn) = O-(C - gn)"'l/)(gn'C)-
By hypothesis (6), limsup, (8(6,,v),1(5,6,)) < (B(60,v).1(5,0,)); by hypothesis (4), liminf;,§(6,) = §(6o);
by upper semicontinuity of /°, limsup,_J°(6,,,5 — 6,) < J°(8o,5 — 6,); and by hypothesis (3), liminf, [o (¢ —
0,)+P(0n.6)] = a(s — 09)+P(8y,6). Taking limsup, in the displayed inequality and combining these four
facts,
(B(80,)m(5,00))+E(5) — £(B0)+]°(Bo,5 — By) = a(s — 8)+P(6,,6),

so 6, € G(¢). Since K is bounded, closed, and convex in the reflexive space B, K is weakly compact, so each
G(¢) c K is also weakly compact.
Step 4: apply the Fan-KKM lemma. Since G is a KKM-mapping with weakly compact values, the Fan-KKM
lemma [1] (applied in the weak topology on K) gives 6" € NeexG(5), ie. 6" satisfies (*) of Theorem 2.3 for
every ¢ € K. By thattheorem (whose hypotheses (1),(2),(4),(5) are exactly hypotheses (1),(2),(4),(5) above,
together with n-hemicontinuity of T), 8" solves HVI(Bn¢). O
We record separately, for use in Section 5, the fact established in Step 3 above.
Lemma 2.5. Under hypotheses (3), (4), (6) of Theorem 2.4 and upper semicontinuity of J°, the set G(¢)
={0 € K:{B(0,v)n(5.0))+&E(¢) — E(O)+]°(B,c — 8) = a(c — B)+Y(B,5) Vv € T(¢)} is weakly (sequentially)
closed in K, for every ¢ € K (with K not necessarily bounded: the argument in Step 3 above uses only the
semicontinuity hypotheses along the given weakly convergent sequence, not boundedness of K).
Definition 2.6 (Lee, Khan, and Salahuddin [5]). Let N:K x B* —» B",@:K x K - B,and L:K X K = R U {+}.

T is w-coercive with respect to L if there exists 6, € K such that, for all u € T(8) and u, € T(8,),

(N(8,u)=N(89,uo),@(6,80))+L(0,60) S +00 whenever || 6 [l o, 0 € K

I (80.0)Il
Theorem 2.7. Suppose, in addition to the hypotheses of Theorem 2.3, that there is ¢>0 with o(c—
0)+(0,9)+a (0 — )+Y(5,0) —=J°(6,s —0) —J°(c.0 —¢) = 2cll ¢ —O I  VOcEK, ()

and that g satisfies (8(6,,v,),1(65,61))+(B(0,,v1),n(6,,0;)) <0 v0,,0, € K, v; € T(6;), v, € T(0,).(F)
Then HVI(Bné) has at most one solution.

Proof. Suppose 60,,0, € K both solve HVI(né). Applying (néap — p)-monotonicity with 6=0,,¢=6, (using
that 8, solves HVI(Bn¢)), for all v, € T(6,),

(B(01,v2)1(62,01))+E(60,) — £(01)+]°(61,0, — 01) = 0 (8, — 6,)+)(6,,6,). (2.4)
Symmetrically, applying (néoy — p)-monotonicity with 6=6,,¢=0,, for all v; € T(6,),
(B(02,v1)1(61,02))+E(6,) — £(0,)+]°(6,,0, — 6,) = (6, — 0,)+(6,,6,). (2.5)

Adding (2.4) and (2.5), the ¢-terms cancel:
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(B(01,02)1(602,01))+(B(02,v1).1(61,62))+/° (61,6, — 6,)+]°(6,,6, — 65)
= 0(0, — 0)+P(01,0,)+0 (0, — 6;)+(0,,6,).
By (1), applied at 8=60,,¢=6,, the right side satisfies
0(0; — 0)+P(6,,0;)+0 (01 — 6,)+(6,,0,)
> 2c || 6, — 6, 17 +/°(6,,6; — 6,)+/°(6,,6, — 65).
Combining the last two displays,
(B(01,v2),1(62,01))+(B(02,v1).1(01,62))+]°(61,0, — 01)+]°(6,,0, — ;)
>2¢c 11 6; — 6, 17 +]°(61,6; — 6,)+/°(62,61 — 6,).
The two J°-terms appear identically on both sides and cancel no claim about their sign, individually or
combined, is needed leaving
(B(61,v2),1(62,01))+(B(02,v1).1(61,0,)) = 2¢ |l 6, — 6, II*.
By (), the left side is < 0.S0 0 = 2¢ || 8, — 6, II%, and since ¢>0, this forces 8,=6,. 0

3 A Concrete Coercivity Condition

Definition 2.6 is very general. It is hard to use directly in an existence proof. As stated, it is a limitas || 8 [|-
0. So it only bounds a sequence of solutions that already exists it cannot produce one. We now write down
a concrete condition that we can use directly. It is in the spirit of condition (H3) of Costea and Lupu [6,
Theorem 3] and of the weak-coercivity conditions of Mahato and Nahak [8, Condition (iv), Theorem 3.3;
Condition (v), Theorem 4.9], adapted here to & and J°.

Condition 3.1. There exists 8, € K and Ry> |l 6, |l such that
(B8N (80,0))+§(8o) — §(6)+]°(6,6, — 6)<0 (3.1
for every 8 € K with || 6 = R, and every u € T(6).

Remark 3.2. Condition 3.1 carries the same idea as Definition 2.6: a fixed point 6, eventually dominates
every far-away 6 € K. We do not force an exact algebraic match between the two. That would need L, N, @
pinned down as precisely as the original definition, and nothing below needs that. Take the classical
variational inequality case: n(¢,8)=¢ — 8, ¢ = 0, ] = 0. Then Condition 3.1 reduces to {8(6,u),0, — 0)<0 for
[l 6 1l large. This is the standard coercivity used for monotone variational inequalities on unbounded sets
(see, e.g., [4]). It matches condition (iv) of [8, Theorem 3.3] and condition (v) of [8, Theorem 4.9] in their
special cases§ =0,] = 0.

Proposition 3.3. Let 6, € K. Suppose the objects N,w,L of Definition 2.6 match those of HVI(Bn¢) as
follows:

1. N=B,@(6,,0)=1n(0,,0), and w(6,0,)=—n(6,,0) forall 0 € K;

2. L(0,6)=£(0) —&(6,) —J°(6,0, — 6) forall 6 € K;

3. 1(6,,0) # 0 whenever 6 # 6,;

4, M := sup{ll S(Bp,up) lig* :uy € T(H,)}<0.
If T is w-coercive with respect to L at this 8, then Condition 3.1 holds at the same 6,,.

Proof. Fix u € T(6) and u, € T(6,). Write

E(O.0) = (B0, (00,0))+E(8) — £(6)+]°(6,6, — 0),
the left-hand side of (3.1). Substituting (a) and (b) into the numerator of Definition 2.6 and expanding,
(N(B,u) — N(0o,u0),@(0,00))+L(8,00)= — E(0,u)+(B(00,10),1(60,0)).
By @w-coercivity, dividing by Il @(68,,0) || = Il n(6,,0) Il and letting || 6 ||- oo,
—E(0,u)+(B(00,u0)1(6,,0))
— +00
I 1(60,0) Il

By (d), [{B(0o,u)n(00,0)) < M |l n(6,,0) Il. So the second term of the numerator, divided by [l n(6,,0) I,
stays between —M and M, no matter what 8 is. Hence —E(8,u)/ | n(6,,0) ll= + too. So there is Ry>0 with
—E0,u)/ 11(6,,0) Il >0 for every 8 € K with || 6 |I= R, and every u € T(6). By (c), | n(6,,8) Il >0, so
E(6,u)<0. This is exactly Condition 3.1. O

Remark 3.4. Proposition 3.3 explains why we work with Condition 3.1 instead of Definition 2.6 directly.
The two are not competing hypotheses. Condition 3.1 is just the special case of w-coercivity that appears
under the match (a)(d), plus the mild extra fact (d) that 8(6,, -) stays bounded on T(6,). Condition 3.1 is
easier to use in Theorem 4.1: it is a plain inequality at each 6, which is exactly what Step 2 of that proof
needs. Definition 2.6, by contrast, is stated as a limit. It cannot be applied directly to one truncated solution.

Remark 3.5. The truncation strategy follows Costea and Lupu [6] and Mahato and Nahak [8]: exhaust K by
balls, solve on each ball, show the solutions avoid the boundary, then pass to a segment argument. The shape
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of the coercivity hypothesis follows the same sources, as does the fact that the final step needs exact algebra,
not a limit. Condition 3.1 extends this to HVI(8né), which carries two terms absent from [6, 8]: the general
hybrid-kind pairing 3, and the Clarke derivative J° of a nonsmooth potential / on the whole Banach space
B, rather than an integral functional composed with a compact operator as in [6]. The algebra in Step 3 of
Theorem 4.1 positive homogeneity of J°, convexity of ¢ follows the same step in [6, Theorem 2], generalized
to the hybrid-kind pairing. Proposition 3.3 links Condition 3.1 to the w-coercivity of Lee, Khan, and
Salahuddin [5].

4 Existence on Unbounded Domains
Theorem 4.1. Let B be a real reflexive Banach space and let K € B be nonempty, closed, convex, and

unbounded. Let T:K — 25 be n-hemicontinuous and (néoy — p)-monotone with respect to g:K X B* — B".
Assume:

1. n(6,0)=0forallf € K.

2. n is affine in its first argument: n(t¢+(1 — t)0',0)=tn(c,0)+(1 — t)n(6',0) for all ¢,0'.60 €K, t €
[0,1].
0:B —» Rand y(-,0) are lower semicontinuous for all 6 € K.
&K —» R U {+o0} is convex and lower semicontinuous.
J:B = Rislocally Lipschitz.
For each fixed ¢ € K and v € T(g), the map 6 ~ (8(0,v),n(c,0)) is weakly sequentially upper
semicontinuous on K.

7.  Condition 3.1 holds for some 8, € K and Ry> || 8, Il
Then HVI(fné) has at least one solution 6" € K.
Proof. Step 1: Solve the problem on a bounded ball. Fix >R, and set

K,:=KNnBOr)={p €EK: 116 I< 7).
Since 6, € K and || 6, Il <R,<r, K,- is nonempty. It is bounded, closed, and convex, since it is the intersection
of two closed convex sets. Hypotheses (1)(6) above hold for all 8,¢ € K, so they hold on K,, € K too. For the
same reason, T restricted to K, is still n-hemicontinuous and (néoy — p)-monotone. So Theorem 2.4,
applied to K, gives 0, € K, with
(3(97«'11),7)(9@))*'5(0 - f(@r)+]0(gr,§ - er) =0 V¢ e Kr' Vu € T(gr) [41)

Step 2: For r large, 6, is not on the boundary of K,. We use Condition 3.1 to rule this out. Suppose, for
contradiction, that there is a sequence 7, - o, with 7,>R,, such that || 6,, |l =7, for every n. Since 6, € K

and || 6y Il <Ro<1,, we have 6, € K, . Take ¢=0, in (4.1) (with r=7,). This holds for every u € T(G ) so let
u, € T(an) be any such element. Then
(B (611t ) (80,0, ))+€B) — £(6,,)41°(6,,,00 — 6,,) = 0. (4.2)
On the other hand, || ,,, Il =1, = oo, so eventually || 6,, II= R,. Condition 3.1, applied at 6=6,, with this
same u,, gives

SRS

(B(6r,1n )1 (60,61, ))+E(Bo) — £(6;,)+1°(6;,,,80 — 6, )<0. (4.3)

Inequalities (4.2) and (4.3) contradict each other for large n. So no such sequence exists. Therefore, by
contradiction, there is 7>R, such that every solution 6, of (4.1) satisfies || 8, || <r whenever r > . Fix such
an r and write 6, := 6,,so || 6, |l <r.
Step 3: 6, solves the problem on all of K. The truncated inequality (4.1) only tests 6, against ¢ € K,.. We
now extend it to arbitrary ¢ € K, by moving along the segment from 6; to ¢. Let ¢ € K and u € T(Q:) be
arbitrary. For t € (0,1), define

¢ :=tc+(1—t)0; €K
(by convexity of K). Since ¢, = 6, as t — 0* and || 6, || <r strictly, there is t, € (0,1) with || ¢; I< r for all
t € (0,t;]. Fixsuch a t, so ¢; € K,.. By (4.1) at this ¢;,
(ﬁ(@:,u),n(gt,g:)HE(CJ - 5(9:)*']0(9;:% - 9:) 2 0. (4.4)
By hypotheses (1) and (2), n is affine in its first argument and 1(6;,.6,)=0, so
n(s067)=tn(5,67)+(1 — ) n(6,.,67)=t n(5.6y)
exactly. By positive homogeneity of the Clarke derivative in its second argument [3],
J0(6r5 — 67)=1° (67.6(s — 67)) =t J° (67,5 — 6;)
exactly. By convexity of ¢ (hypothesis (4)),
£ —£(67) <t (8() — ¢(67)).
Putting these three facts into (4.4),
0< (3(9;,11),7)(%9:))"'5(%) - f(e:)+]0(9;,g‘t - 9;)
< f[(ﬁ(er.u),n(§:9r))+f(§) - E(Qr)+]0(9r,g - 91‘)]
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Dividing by t>0,

(B(6rw)n(5.0:))+E(s) — £(67)+1°(67.6 — 6;) = 0.
Since ¢ € K and u € T(6,) were arbitrary, 8" := 6, solves HVI(Bn¢) onall of K. O
Remark 4.2. Step 3 needed no limiting process and no n-hemicontinuity: the final inequality came from
exact algebra, for one fixed t, not from a limit ¢ — 0*. This matches the corresponding step in Mahato and
Nahak [8, proof of Theorem 3.3]. n-hemicontinuity is still needed elsewhere in the proof, since it is a
standing hypothesis of Theorem 2.4, which we apply on each K,..
Remark 4.3. Arelated question is whether @w-coercivity (Definition 2.6), together with a Kadec-Klee-type
property of B, forces every approximating sequence to have a subsequence converging strongly to a
solution, once S # @. We take up the weak-compactness half of this question in Theorem 5.3 below, and the
strong-compactness halfin Section 5. The key point of Theorem 4.1 is that its own first step “S is nonempty”
needs only Theorem 2.4 (which needs K bounded) plus Condition 3.1. So it gives existence directly on
unbounded K, with no separate compactness argument.

5 Structure of the Solution Set

Theorem 4.1 tells us S # @. It says nothing about how large S is, or whether it has any useful topological
structure. We answer these questions now, still under Condition 3.1. A similar combination a coercivity
condition on an unbounded set, used to get weak compactness of the whole solution set rather than just one
solution has recently been used for coupled systems of quasi-variational-hemivariational inequalities [17].
Our Theorem 5.3 below is the analogous statement for the single hemivariational inequality HVI(8né).

51 An A Priori Bound on Every Solution
Condition 3.1 does not just produce one solution inside the ball E(O,RO). It forces every solution to lie there,
no matter how that solution was found.

Proposition 5.1 (A priori bound). Under Condition 3.1, every solution 6 € S satisfies || 8 |l <R,.
Consequently S © K :=K N E(O,RO), so S is a bounded subset of B.
Proof. Let 8 € S. Suppose, for contradiction, that || 8 [[= R,. Since 6 solves HVI(Bn¢), take ¢=6,, in Definition
2.1.For every u € T(6),

(B(B,wW)1(60,0))+5(8) — £(6)+]°(6,6, — 6) > 0.
Since T(8) # 0, fix one such u. But || 8 l|I= R,, so Condition 3.1 applies at this 8,u and gives the strict reverse
inequality
(B(6,W)1(6,0))+E(8y) — £(8)+/°(6,8, — 0)<0.

This is a contradiction. So || 8 || <R,. O
Remark 5.2. Proposition 5.1 does not care how a solution was produced. It applies just as well to the
solution built by truncation in Theorem 4.1 as to any other solution that might exist for a different reason.
That is what makes it useful for describing all of S, not just one solution.

5.2 Weak Compactness of the Solution Set

Theorem 5.3. Under Condition 3.1 and the hypotheses of Theorems 2.4 and 2.3, the solution set S of
HVI(Bné) is nonempty, bounded, weakly closed, and weakly compact.

Proof. Nonemptiness is Theorem 4.1. Boundedness is Proposition 5.1.

For weak closedness: by Theorem 2.3, 6 € K solves HVI(n¢) if and only if 8 satisfies (*) for every ¢ € K.
So

S=NG(s),
CEK

with G (¢) as in Lemma 2.5. Each G (¢) is weakly closed, by that lemma. An intersection of weakly closed sets
is weakly closed. So S is weakly closed.

Finally, S is a bounded, weakly closed subset of the reflexive space B. By reflexivity, every closed ball
B(0,r) is weakly compact (Kakutani’s theorem, see, e.g., [7]), and a weakly closed subset of a weakly
compact set is weakly compact. So S € B(0,R,) is weakly compact. O
Remark 5.4. This proof does not use convexity of S. In fact S need not be convex: convexity of the solution
set would need a stronger, symmetric form of monotonicity along the whole segment joining two solutions,
beyond (néay — p)-monotonicity as defined. We do not pursue conditions for convexity of S here.

5.3 The Strongly Monotone Case: Collapse to a Singleton
When the stronger hypotheses of the uniqueness theorem (Theorem 2.7) hold, the structure question
becomes trivial: there is only one solution to describe.
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Corollary 5.5. Under the hypotheses of Theorem 5.3, suppose also that conditions (1) and (+) of Theorem
2.7 hold. Then S={6"} for a unique 8" € K with || 8" || <R,. In particular, S is compact in the norm topology.
Proof. By Theorem 5.3, S # @. By Theorem 2.7, HVI(8n¢) has at most one solution. So S has exactly one
point 8%, and || 8" || <R, by Proposition 5.1. A single point is compact in any Hausdorff topology, including
the norm topology. O

5.4 Norm-Compactness in the Non-Unique Case: An Open Problem

Is S compact in the norm topology even when (1)(%) do not hold, so S may have more than one point? A
standard device for upgrading weak convergence of a sequence of solutions to strong convergence is the
Kadec-Klee property of B: if 8, — 6 weakly and || 6, lI=l 8 |l, then 8, = 8 in norm (for a recent, unified
treatment of this property and its consequences, see [18]). It is tempting to use the same property here. We
now explain why norm compactness does not follow from our assumptions without one more ingredient.
Remark 5.6. The Kadec-Klee property turns weak convergence of a given sequence into strong
convergence. But it only works once we already know || 8, lI=|l 6 |l for that sequence. Take any sequence
{6,} c S with 6,, = 6 € S (such a sequence exists by Theorem 5.3). To use Kadec-Klee, we would need to
show || 6, =l 6 || separately. Weak lower semicontinuity of the norm only gives || 8 I< ligglf Ile,l,

never the reverse inequality. That reverse inequality is exactly what is missing. In classical uses of this
device (see, e.g., [4]), the reverse inequality is available when the sequence is a minimizing sequence. A
coercivity growth estimate pins down its asymptotic norm in that case. Here, {8,,} is an arbitrary sequence
of exact solutions, not a minimizing sequence. Condition 3.1 is only an inequality at one test point, ¢=6,. It
does not control || 8, Il =1l 6 || when two solutions 8,,,0 are tested against each other. Getting that kind of
control would need a two-point estimate like (1), but valid without the strong-monotonicity constant ¢>0.
That is exactly the case we exclude once we leave the setting of Corollary 5.5.

Open Problem 5.7. Find a hypothesis strictly weaker than (1)(%) (which force S to be a singleton), but
strong enough that, together with a KadecKlee-type property on B, it implies S is compact in the norm
topology. Or exhibit an example where S is weakly but not norm compact under Condition 3.1 alone.
Equivalently, in the language of the Kuratowski measure of non-compactness p [2]: find conditions under
which p(8)=0 without forcing S to be a singleton.

6 lllustrative Examples

Example 6.1. Let B=R" (finite-dimensional, hence reflexive), and K=R?} :={6 € R™:6; = 0}, which is
nonempty, closed, convex, and unbounded. Let A € R™*" satisfy (46,08) = c || 8 || for some c>0 and all 8, let
b € R", and set (single-valued, so (8,u)=u) T(8)=A0+b, n(¢,0)=¢c—0, &§¢=0, J=0, a(c—0):=cl
¢—601?, ¥ =0.Then T is (néoy — p)-monotone with respect to B. It is n-hemicontinuous, since T is
continuous and 7 is linear. Hypotheses (1)(6) of Theorem 4.1 hold trivially: £,] = 0 are convex and Lipschitz
for free; o,(-,0) are continuous, hence lower semicontinuous; and 6 - (T6,¢ — 6) is continuous, hence
weakly sequentially upper semicontinuous.

For Condition 3.1, take 8,=0 € K.For 8 € K, (A6+b, — 8)= — (A0,0) — (b0 < —c IO 1>+ I b G N =161
(b Il —c Il 8 1), which is strictly negative once || 8 || > |l b |l /c.So Condition 3.1 holds with R, :=Il b || /c+1.
Theorem 4.1 then gives a solution 6" € R? of (48 +b,c—8") >0 V¢ € R}, the classical linear
complementarity/variational inequality on the nonnegative orthant [4].

Now check (1) and (}). Since /=0 here, J° =0, and for (1): o(¢— 8)+(0,¢)+a(8 — ¢)+(c,0) —
J°0,6—6)—J°(c0 —¢)=2cll¢—61°-0—0=2cl¢— 6 1I?, so (f) holds with equality. For (%):
(A6,+b,0, — 0,)+(A0,+b,0, — 0,)= — (A(0; — 0,),0; —0,) < —c 1 6; — 6, I’< 0, so ($) holds too. By
Corollary 5.5, §={#"}. This matches the classical fact that a coercive monotone affine variational inequality
has a unique solution. Here R" is finite-dimensional, so weak and norm topologies coincide on bounded
sets. This example is too simple to test Open Problem 5.7: a genuine, infinite-dimensional test would need
S to have more than one point, and that cannot happen here once (1) () hold.

Example 6.2. Keep B=R", K=R7, T(6)=A60+b, B(6,u)=u, n(¢,0)=¢ — 6, and A,b as in Example 6.1, but now
setc =0,y =0,and £@):=y 110 1l,, J@):=6110 s, y,6 = 0 fixed constants. Both & and J are
finite everywhere, hence continuous, convex, and Lipschitz. So ¢ is convex and lower semicontinuous
(hypothesis (4)), and J is locally Lipschitz (hypothesis (5)). Since J is convey, its Clarke derivative agrees
with the ordinary directional derivative, /°(8,d)=lim,_y+[J(8+td) — J(8)]/t. ] fails to be differentiable
exactly where the maximizing coordinates of |6;| are not unique for instance at 6=0. So J is a genuine
nonsmooth potential, not just a formal device.

For Condition 3.1, again take 6,=0. Since J=§ |I-ll, is convex and positively homogeneous, its subdifferential
lies in & times the unit ball of the dual norm ||-ll;,50 /°(8,— 8) <610 <5110 Il . Also E(@)=y 11 6 lI,;= 0,
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so &(6y,) —&(0) < 0. Combining with the linear-part estimate from Example 6.1, (460+b, — 0)+&(6,) —
E@+°O, - <8I UbI+6E—cllBl), which is strictly negative once |16 Il >l bl +6)/c. So
Condition 3.1 holds with R, := (Il b Il +6)/c+1, no matter what y is. Theorem 4.1 gives a solution 8" € R? of
a genuine hemivariational inequality with an £ penalty and a nonsmooth £® potential a problem that does
not reduce to a classical variational inequality. Condition 3.1 holds, and the hypotheses of Theorem 5.3 hold
too, so S is weakly compact here as well.

With ¢ = 0, condition (1) fails. Its left side reduces to —J°(8,¢ — 8) — J°(¢,6 — ¢), which is bounded by 24 ||
¢ — 6 || in absolute value. So it cannot dominate 2c || ¢ — 8 ||? once || ¢ — 8 || is large. So Corollary 5.5 does
not apply, and S might contain more than one point. (Unlike in Example 6.1, (1) now involves J° through the
mixed term in Theorem 2.7. So simply restoring o(¢ — 8) :=c || ¢ — 8 || no longer forces (1) for free once
5>0: the J°-terms grow only linearly while ¢ grows quadratically, so (1) would hold once || ¢ — 8 || is large,
but it would need a separate check near ¢=6. We simply keep ¢ = ¢ = 0 here. This keeps the illustration of
the non-unique regime clean, whatever § is.)

Example 6.3. Let B=¢2 with its usual inner product and norm; then B is a real reflexive Hilbert space.
Denote by P; and P, the orthogonal projections onto the odd and the even coordinates, so that 6=P;6+P,0
and || 8 112 = | P, 11> + || P,0 ||? for every 6. Take the constraint set to be the whole space, K := £2, which is
nonempty, closed, convex, and unbounded. Fix a constant y>0 and set £(8) := (max{0, | P,6 Il —1})2+y |
PoN?, J=0 0=0, =0, n(ch):=¢—6, LOW:=u, T(6) := {0} € B’=¢?. The scalar
function t » (max{0,t — 1})2 is convex, nonnegative, and nondecreasing on [0,00), and 6 =| P,0 | is
convex. So their composition is convex, and ¢ is convex and continuous on K. Now check that T is
(néoyp — p)-monotone with respect to 8, and n-hemicontinuous. The only selection of T is the constant zero
map. With u=0 € T(0), the premise of the monotonicity implication reduces to é(¢) — &é(6) = 0, and its
conclusion reduces to the same inequality &(¢) —&(0) = o(¢ — 60)+¥(0,6)=0. So the implication is
automatic, and the hemicontinuity is trivial. Hypotheses (1)(6) of Theorem 4.1 hold as well: (6,6)=0 and n
is affine in its first argument; o and i are continuous, hence lower semicontinuous; ¢ is convex and lower
semicontinuous; J is locally Lipschitz; and for each fixed ¢€K and v €T(¢) the map 8+~
{(B(0,v),n(5,0))=(0,¢ — 8)=0 is constant, hence weakly sequentially upper semicontinuous.

For Condition 3.1, take 8,=0 € K and R,=2> |l 8, II. Since T(8)={0},/° = 0, and £(0)=0, the left-hand side of
(1) equals {(8(6,0),1(8,,0))+&(8,) — £(8)+]°(8,8, — 8)=— &(8). If || 6 ||= R, then £(8)>0. Indeed, £(6)=0
forces || P,0 II< 1and P,0=0,hence || 6 || = || P,6 < 1<2, a contradiction. So Condition 3.1 holds with Ry=2,
and Theorem 4.1 yields at least one solution 8" € £2.

An element 6 € K solves HVI(Bné) exactly when é(¢) — €(0) = 0 for every ¢ € K that is, when 8 minimizes
& over K.Since & > 0,and £(6)=0 if and only if P,6=0 and || P,0 lI< 1, the solution setis S={8 € £2: P,6=0, |
P,0 lI< 1}, the closed unit ball of the infinite-dimensional subspace P; (#2). Proposition 5.1 places S inside
KRO; this is immediate here too, since || 8 |< 1<R, on §. S is convex and norm-closed, hence weakly closed.

It sits inside the weakly compact ball B(0,1) in the reflexive space £2, so it is weakly compact in agreement
with Theorem 5.3.

The set S is not compact in the norm topology and contains more than one point. If e,,_; denotes the
standard basis vector supported on the (2k — 1)-st coordinate, then e,,_, € S for every k, while || e5;_; —
eam-1 Il =V2 (k # m), so no subsequence of (e,,_;) converges in norm, although e,;_; = 0 € S weakly.
Here ¢ = 0, so condition () of Theorem 2.7 fails, and Corollary 5.5 does not apply. This example realizes
the non-unique regime of Open Problem 5.7 in a genuine infinite-dimensional space. It also shows that the
weak compactness from Theorem 5.3 cannot, in general, be upgraded to norm compactness without the
extra two-point estimate discussed in Remark 5.6.

7 Conclusion

We proved two things about HVI(8n¢) on unbounded K. First, a concrete coercivity condition (Condition
3.1) is enough for existence (Theorem 4.1). The proof is a truncation argument, adapted from Mahato and
Nahak [8] to the penalty term ¢ and the Clarke derivative /°. Second, the same condition controls the whole
solution set: every solution lies in one fixed ball, and S is weakly compact (Theorem 5.3). Under strong
monotonicity, S is a single point, so norm-compactness is trivial (Corollary 5.5). Without strong
monotonicity, we do not claim norm-compactness. We explained precisely which two-point estimate is
missing (Remark 5.6), and we record the gap as an open problem (Open Problem 5.7).

Some limitations remain. Condition 3.1 is sufficient for existence, but not necessary; a weaker, direction-
dependent condition might also work, at the cost of a harder truncation argument. Theorem 4.1 gives a
solution, with no information on the full solution set beyond Theorem 5.3 and Corollary 5.5. Combining
Condition 3.1 with a genuinely weaker-than-(1) hypothesis, as asked in Open Problem 5.7, is a natural next
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step. Finally, we have not developed a numerical method for approximating 8" on infinite-dimensional,
unbounded K. Combining the truncation idea with a projected-subgradient or proximal scheme for £ and J°
would be needed before the results could be used computationally.
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