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Abstract 
We describe a new class of equilibrium issues, the 𝜎-nonstandard equilibrium trifunction variational inequality (NSET). It employs a 
multivalued operator 𝑇 in the trifunction formulation. To overcome this problem, we can design a three-step iterative algorithm and apply 
the auxiliary principle technique (AUXPT). The method does not require projection. We construct a thorough error estimate and 
demonstrate that the iterative sequence converges to a solution when 𝐹 has three points of monotonicity. This framework contains specific 
examples of several well-known types of variational inequality and the equilibrium issues, such as the generalized mixed quasi trifunction 
variational inequality and the generalized equilibrium problem. 
 
Keywords: Trifunction Equilibrium problem; non standard Equilibrium problem variational inequality; Auxiliary principle technique; 
Convergence. 

 

1 Introduction 
This paper studies 𝜎-nonstandard equilibrium trifunction variational inequalities. This framework brings together 
several key ideas from applied mathematics: variational theory, variational inequalities, and equilibrium 
problems. It gives a single tool for problems that were once studied separately, each with its own long and complex 
method. The framework covers several special cases, including obstacle problems, economic models, and 
problems in mechanics. This unified approach lets researchers find one general solution instead of solving each 
problem on its own. This research also applies the (AUXPT). This technique is an effective way to build iterative 
schemes for problems that are hard to solve directly. It turns a theoretical problem into a computable algorithm, 
giving precise numerical results. The paper also studies monotonicity conditions that improve accuracy and 
convergence, and give clearer results than earlier work. This does more than advance the pure theory: it also 
shows that the solutions are stable, and it avoids some common practical difficulties. 
In 1964, Stampacchia introduced the theory of variational inequalities [1]. This work gave a new framework for 
analyzing problems in elasticity and optimization. In 1970, Martinet developed regularization methods based on 
successive approximation [2]. In 1976, Mosco extended this theory to quasi-variational inequalities [3], where the 
convex set itself can depend on the solution. In 1981, Glowinski and his colleagues introduced the auxiliary 
principle technique [4]. This technique can solve hemivariational inequalities, which classical projection methods 
cannot handle. In 1988, Noor extended nonlinear variational inequalities to elastostatics [5]. In 1994, Blum and 
Oettli connected optimization with equilibrium problems [16]. In 2003 and 2004, Noor developed the auxiliary 
principle technique further for equilibrium problems [6] [7]. In 2009, research on nonconvex variational 
inequalities and extragradient algorithms grew [8]. In 2010, trifunction variational inequalities were introduced, 
along with iterative methods for solving them [9]. In 2025, Gupta et al. introduced a class of trifunction variational 
inequalities for general mixed quasi-equilibrium problems [10]. Their formulation adds a nonlinear term 𝜑(⋅,⋅). 
They also gave an iterative scheme with three constants 𝜌, 𝛽, 𝛾, and showed that this new class contains several 
earlier classes as special cases. 
Related to this equilibrium framework, several other works have studied monotone trifunctions and bifunctions, 
nonlocal problems, and hemiequilibrium and hemivariational inequalities. Abed, Hashoosh, and Abbas established 
existence results for equilibrium problems involving a 𝐵ℎ-monotone trifunction [18]. Alrikabi, Hashoosh, and 
Alkhalidi obtained existence results for nonlocal problems of (𝑝, 𝑞)-Kirchhoff form [19]. Alwan, Naser, and 
Hashoosh solved the mixed hemiequilibrium problem, with an application in a Sobolev space setting [20]. 
Hashoosh proved existence and uniqueness of solutions for a class of hemivariational inequalities [21], and, 
together with Alimohammady and Kalleji, studied equilibrium problems involving an 𝛼-monotone bifunction [17]. 
More recently, Hashoosh and Ali proposed a modern fixed-point method in 𝒢-spaces with an application [22], and 
Hashoosh and Jebur improved the well-posedness theory for hemiequilibrium problems [23]. 
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This work presents a novel class of problems: 𝜎-nonstandard equilibrium trifunction variational inequalities. This 
class uses a multivalued operator 𝑇. We build a new iterative algorithm (Algorithm 3.1) based on the auxiliary 
principle technique. This algorithm solves the problem without projection. Our framework is unified and flexible: 
it contains many known classes as special cases, and it applies to problems in engineering, economics, and physics. 
We also prove convergence under a monotonicity condition that is weaker than those used in earlier work. 
 
2 PRELIMINARIES 
Throughout this paper, let 𝐻 denote a real Hilbert space endowed with the norm ∥. ∥ and the inner product⟨. , . ⟩ . 
Let 𝐶(𝐻) represent the family of all nonempty compact subsets of 𝐻, and let 𝑇:𝐻 → 𝐶(𝐻) be a set-valued mapping. 
Assume that 𝒦 a nonempty, closed, and convex subset of 𝐻, and let 𝜎:𝒦 ×𝒦 → 𝑅 be a continuous bifunction. For 
a given trifunction 𝔉:𝒦 ×𝒦 ×𝒦 → 𝐻, our objective is to find a point 𝜇 ∈ 𝒦 such that 

sup
∝∈ 𝑇𝜇 𝔉(𝜇, ∝, ℏ) + 𝜎(𝜇, ℏ) ≥ 0     ∀ℏ ∈ 𝒦 (1) 

which is called the 𝜎-nonstandard equilibrium trifunction in short (NSET) . 
1-If sup

∝∈𝑇𝜇
𝔉(𝜇, ∝, ℏ) ≡ 𝔉(ℏ, ℏ − 𝜇), and 𝜎(𝜇, ℏ) ≡ 𝜙(ℏ, 𝜇) − 𝜙(𝜇, 𝜇), then problem (1) is equivalent to finding 𝜇 ∈

𝒦 such that 
𝔉(ℏ, ℏ − 𝜇) + 𝜙(ℏ, 𝜇) − 𝜙(𝜇, 𝜇) ≥ 0     ∀ℏ ∈ 𝒦 (2) 
The above formulation is known as the generalized mixed quasi-trifunction variational inequality problem. [11]. 
2-If sup

∝∈𝑇𝜇
𝔉(𝜇, ∝, ℏ) ≡ sup

∝∈𝑇𝜇
⟨∝, ℏ − 𝜇⟩, then problem (1) is equivalent to finding 𝜇 ∈ 𝒦 such that 

sup
∝∈ 𝑇𝜇 

⟨∝, ℏ − 𝜇⟩ + 𝜎(𝜇, ℏ) ≥ 0     ∀ℏ ∈ 𝒦 (3) 

This is called as the generalized mixed quasi variational inequality[11] [12] [13] [14] [15] . 
Here we write sup

∝∈𝑇𝜇
⟨∝, ℏ − 𝜇⟩, not ⟨𝑇𝜇, ℏ − 𝜇⟩. The reason is simple: 𝑇 is multivalued (𝑇:𝐻 → 𝐶(𝐻)). So 𝑇𝜇 is a 

set, and ⟨𝑇𝜇,⋅⟩ has no meaning. We use this same sup
∝∈𝑇𝜇

 convention throughout the paper. 

3- If sup
∝∈𝑇𝜇

𝔉(𝜇, ∝, ℏ) = 𝔉(𝜇, ℏ) then problem (1) is reduced to the generalized equilibrium problem (for short, 

𝐸𝑃𝜎), which is to find 𝜇 ∈ 𝒦 such that 𝔉(𝜇, ℏ) + 𝜎(𝜇, ℏ) ≥ 0  ∀ℏ ∈ 𝒦 ;[17]. 
Lemma 2.1. [10] ∀𝜇, ℏ ∈ 𝐻 

2⟨𝜇, ℏ⟩ = ∥∥𝜇 + ℏ∥∥2 − ∥∥𝜇∥∥2 − ∥ℏ∥2. (4) 
 
3 Iterative approximation for (NSET) 
We now use the (AUXPT) to propose and examine an iterative solution for the issue (1). 
For each 𝜇 ∈ 𝒦, suppose the auxiliary equilibrium problem of finding w ∈ 𝐻 such that 

𝜌
sup

∝∈ 𝑇𝜇 𝔉(𝜇, ∝, ℏ) +
⟨w − 𝜇, ℏ − w⟩ + 𝜌𝜎(𝜇, ℏ) ≥ 0     ∀ℏ ∈ 𝒦 (5) 

where 𝜌 > 0 is a constant. We assume this auxiliary problem has a unique solution w. 
if we putting w = 𝜇, Therefore, w solves of (NSET) (1). This discovery enables us to offer the following iterative 
strategy for solving problem (1) . 
Algorithm 3.1. Given an initial element 𝜇0 ∈ 𝐻, construct the approximate solution 𝜇𝑛+1 by the iterative scheme . 

𝜌
sup

w ∈ Tw𝑛
 𝐹(w𝑛 , w, ℏ) + ⟨𝜇𝑛+1 −w𝑛 , ℏ − 𝜇𝑛+1⟩ + 𝜌𝜎(ℏ, 𝜇𝑛+1) ≥ 0     ∀ℏ ∈ 𝒦 (6) 

𝛽
sup

y ∈ 𝑇y𝑛
 𝔉(y𝑛, y, ℏ) + ⟨w𝑛 − y𝑛, ℏ − w𝑛⟩ + 𝛽𝜎(ℏ,w𝑛) ≥ 0     ∀ℏ ∈ 𝒦 (7) 

𝛾
sup

𝜇 ∈ 𝑇𝜇𝑛
 𝔉(𝜇𝑛, 𝜇, ℏ) + ⟨y𝑛 − 𝜇𝑛, ℏ − y𝑛⟩ + 𝛾𝜎(ℏ, y𝑛) ≥ 0     ∀ℏ ∈ 𝒦 (8) 

In which 𝜌 > 0, 𝛽 > 0 and 𝛾 > 0 denote positive constants. 
The 𝜎-term in (6)–(8) reads 𝜎(ℏ,⋅), with the test point ℏ first. This differs from 𝜎(⋅, ℏ) in the general auxiliary 
problem (5). We choose this order for a reason: it is exactly what The third step in the proof of Theorem 3.5 needs 
to obtain the error estimate. 
Whenever sup

∝∈𝑇𝜇
𝔉(𝜇, ∝, ℏ) = 𝔉(𝜇, ℏ) then Algorithm (3.1 ) is reduced to the following iterative procedure. 

Algorithm 3.2. Given an initial element 𝜇0 ∈ 𝐻, construct the approximate solution 𝜇𝑛+1 by the iterative scheme . 
𝜌𝔉(w𝑛 , ℏ) + ⟨𝜇𝑛+1 − w𝑛 , ℏ − 𝜇𝑛+1⟩ + 𝜌𝜎(ℏ, 𝜇𝑛+1) ≥ 0     ∀ℏ ∈ 𝒦 (9) 
𝛽𝔉(y𝑛 , ℏ) + ⟨w𝑛 − y𝑛, ℏ − w𝑛⟩ + 𝛽𝜎(ℏ,w𝑛) ≥ 0     ∀ℏ ∈ 𝒦 (10) 
𝛾𝔉(𝜇𝑛, ℏ) + ⟨y𝑛 − 𝜇𝑛, ℏ − y𝑛⟩ + 𝛾𝜎(ℏ, y𝑛) ≥ 0     ∀ℏ ∈ 𝒦 (11) 
In which 𝜌 > 0, 𝛽 > 0 and 𝛾 > 0 denote positive constants. 
if sup

∝∈𝑇𝜇
𝔉(𝜇, ∝, ℏ) = sup

∝∈𝑇𝜇
⟨∝, ℏ − 𝜇⟩ then Algorithm (3.1 ) is reduced to the following iterative procedure. 

Algorithm 3.3. Given an initial element 𝜇0 ∈ 𝐻, construct the approximate solution 𝜇𝑛+1 by the iterative scheme . 

𝜌
sup

∝∈ 𝑇w𝑛
 ⟨∝, ℏ − w𝑛⟩ + ⟨𝜇𝑛+1 − w𝑛 , ℏ − 𝜇𝑛+1⟩ + 𝜌𝜎(ℏ, 𝜇𝑛+1) ≥ 0     ∀ℏ ∈ 𝒦 (12) 

𝛽
sup

∝∈ 𝑇y𝑛
 ⟨∝, ℏ − y𝑛⟩ + ⟨w𝑛 − y𝑛, ℏ − w𝑛⟩ + 𝛽𝜎(ℏ,w𝑛) ≥ 0     ∀ℏ ∈ 𝒦 (13) 

𝛾
sup

∝∈ 𝑇𝜇𝑛
 ⟨∝, ℏ − 𝜇𝑛⟩ + ⟨y𝑛 − 𝜇𝑛, ℏ − y𝑛⟩ + 𝛾𝜎(ℏ, y𝑛) ≥ 0     ∀ℏ ∈ 𝒦 (14) 

As in case 2 of Section 2, we write sup
∝∈𝑇(⋅)

⟨∝,⋅⟩ rather than ⟨𝑇(⋅),⋅⟩, since 𝑇 is multivalued. 
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A three-point monotonicity condition 
The convergence proof needs a condition that links 𝔉 at three points: the auxiliary iterate, the solution, and the 
next iterate. We state this condition below. 
Definition 3.4. The trifunction 𝔉:𝒦 ×𝒦 ×𝒦 → 𝑅 is said to be generalized nonstandard relaxed monotone 
(GNSR) with respect to T , if for all p, q, r ∈ 𝒦, 

sup
∝∈ Tp 𝔉(p, ∝, q) +

sup
y ∈ Tq 𝔉(q, y, r) + 𝜎(q, r) ≤ 0. (15) 

By selecting appropriate operators and an appropriate Hilbert space 𝐻, Algorithm (3.1) can be specialized to 
recover several existing methods as well as derive new iterative schemes for variational inequalities and 
complementarity problems. The following theorem is required to establish the convergence of Algorithm (3.1). 
 
Theorem 3.5. suppose that 𝜇 ∈ 𝒦 is a solution of problem (1) and the sequences 𝜇𝑛+1, w𝑛 , y𝑛 are generated by 
Algorithm (3.1). If 𝐹:𝒦 ×𝒦 ×𝒦 → 𝑅 is (GNSR) with respect to 𝑇 (Definition 3.4), then: 

∥∥𝜇𝑛+1 − 𝜇∥∥
2
≤ 2𝜌𝜎(𝜇, 𝜇𝑛+1) − ∥∥𝜇𝑛+1 −w𝑛∥∥

2 + ∥∥w𝑛 − 𝜇∥∥
2

 (16) 

∥∥w𝑛 − 𝜇∥∥
2
≤ 2𝛽𝜎(𝜇,w𝑛) − ∥∥w𝑛 − y𝑛∥∥

2 + ∥∥y𝑛 − 𝜇∥∥
2
 (17) 

∥∥y𝑛 − 𝜇∥∥
2
≤ 2𝛾𝜎(𝜇, y𝑛) − ∥∥y𝑛 − 𝜇𝑛∥∥

2 + ∥∥𝜇𝑛 − 𝜇∥∥
2
 (18) 

Proof. We prove (16) in full detail; (17) and (18) follow by the identical argument under the index shift 
(𝜇𝑛+1, w𝑛 , y𝑛) → (w𝑛 , y𝑛, 𝜇𝑛) → (y𝑛, 𝜇𝑛, 𝜇𝑛+1) indicated at the end of the proof. 
Step 1: Since 𝜇 ∈ 𝒦 solves (1), taking ℏ = 𝜇𝑛+1 in (1) gives 

sup

𝑥 ∈ 𝑇𝜇
 𝔉(𝜇, ∝, 𝜇𝑛+1) ≥ −𝜎(𝜇, 𝜇𝑛+1). (19) 

Step 2 : Apply Definition 3.4 with p = w𝑛 , q = 𝜇, r = 𝜇𝑛+1: 
sup

𝑥 ∈ 𝑇w𝑛
 𝔉(w𝑛 , ∝, 𝜇) +

sup

𝑦 ∈ 𝑇𝜇 𝔉
(𝜇, y, 𝜇𝑛+1) + 𝜎(𝜇, 𝜇𝑛+1) ≤ 0. 

Rearranging and substituting the bound (19), 
sup

𝑥 ∈ 𝑇w𝑛
 𝔉(w𝑛 , ∝, 𝜇) ≤ −

sup

𝑦 ∈ 𝑇𝜇 𝔉
(𝜇, y, 𝜇𝑛+1) − 𝜎(𝜇, 𝜇𝑛+1) ≤ 𝜎(𝜇, 𝜇𝑛+1) − 𝜎(𝜇, 𝜇𝑛+1) = 0. (20) 

This bound follows from the solution property (19) and Definition 3.4. 
Step 3 : Set ℏ = 𝜇 in (6): 

𝜌
sup

w ∈ Tw𝑛
 𝔉(w𝑛 , w, 𝜇) + ⟨𝜇𝑛+1 −w𝑛 , 𝜇 − 𝜇𝑛+1⟩ + 𝜌𝜎(𝜇, 𝜇𝑛+1) ≥ 0. 

By (20) the first term is ≤ 0, so 

⟨𝜇𝑛+1 −w𝑛 , 𝜇 − 𝜇𝑛+1⟩ ≥ −𝜌
sup

w ∈ Tw𝑛
 𝔉(w𝑛 , w, 𝜇) − 𝜌𝜎(𝜇, 𝜇𝑛+1) ≥ −𝜌𝜎(𝜇, 𝜇𝑛+1). (21) 

Step 4 : Applying Lemma 2.1 with 𝜇 = 𝜇𝑛+1 − w𝑛 and ℏ = 𝜇 − 𝜇𝑛+1, 

2⟨𝜇𝑛+1 − w𝑛, 𝜇 − 𝜇𝑛+1⟩ = ∥∥w𝑛 − 𝜇∥∥
2
− ∥∥𝜇 − 𝜇𝑛+1∥∥

2
− ∥∥𝜇𝑛+1 − w𝑛∥∥

2. (22) 
Multiplying (21) by 2 and substituting the left-hand side using (22), 

∥∥w𝑛 − 𝜇∥∥
2
− ∥∥𝜇 − 𝜇𝑛+1∥∥

2
− ∥∥𝜇𝑛+1 − w𝑛∥∥

2 ≥ −2𝜌𝜎(𝜇, 𝜇𝑛+1), 
which rearranges to exactly (16): 

∥∥𝜇𝑛+1 − 𝜇∥∥
2
≤ 2𝜌𝜎(𝜇, 𝜇𝑛+1) − ∥∥𝜇𝑛+1 −w𝑛∥∥

2 + ∥∥w𝑛 − 𝜇∥∥
2
. (23) 

Steps 1–4 for (17) and (18). For (17), repeat Steps 1–4 verbatim with the substitutions 𝜇𝑛+1 → w𝑛 , w𝑛 → y𝑛, using 
(7) in place of (6) and Definition 3.4 with (p, q, r) = (y𝑛, 𝜇, w𝑛) in place of Step 2. For (18), repeat with 𝜇𝑛+1 → y𝑛 , 
w𝑛 → 𝜇𝑛, using (8) in place of (6) and Definition 3.4 with (p, q, r) = (𝜇𝑛, 𝜇, y𝑛). In each case the intermediate bound 
analogous to (20) is 

sup
𝑥 ∈ 𝑇y𝑛

 𝔉(y𝑛, ∝, 𝜇) ≤ 0  and  
sup

𝑥 ∈ 𝑇𝜇𝑛
 𝔉(𝜇𝑛, ∝, 𝜇) ≤ 0 

respectively, and the remainder of the argument is identical. ▫ 
Corollary 3.6. Throughout this corollary, we assume 𝑇 is an upper semicontinuous set-valued mapping on 𝒦 with 
compact images, and 𝔉(⋅,⋅, ℏ) is continuous in its first two arguments for each fixed ℏ. Let 𝐻 be finite dimensional, 

and suppose problem (1) has a solution. Suppose that for every solution ℏ ∈ 𝒦 of problem (1), 

𝜎(ℏ, ℏ) ≤ 0  for every ℏ ∈ {𝜇𝑛, w𝑛 , y𝑛: 𝑛 ≥ 0}, 

where {𝜇𝑛}, {w𝑛}, {y𝑛} are the sequences produced by Algorithm (3.1). Then 𝜇𝑛 → 𝜇̂ for some solution 𝜇̂ of problem 
(1). 
Remark 3.7. The upper semicontinuity hypothesis in Corollary 3.6 is used once, to pass to the limit inside 

sup
∝∈𝑇(⋅)

𝔉(⋅, ∝, ℏ): it gives 𝜇𝑛𝑖 → 𝜇̂ implies sup
∝∈𝑇𝜇𝑛𝑖

𝔉(𝜇𝑛𝑖 , ∝, ℏ) → sup
∝∈𝑇𝜇̂

𝔉(𝜇̂, ∝, ℏ). Compact values of 𝑇 alone 

do not give this; it must be assumed separately. 
Proof. Fix any solution 𝜇 of problem (1), and write 𝑎𝑛 =∥ 𝜇𝑛 − 𝜇 ∥2. Since 𝜎(𝜇,⋅) ≤ 0 on the generated sequences, 
(16)–(18) give, for every 𝑛, 
𝑎𝑛+1 ≤∥ w𝑛 − 𝜇 ∥2≤∥ y𝑛 − 𝜇 ∥2≤ 𝑎𝑛 . (24) 
So {𝑎𝑛} is non increasing, hence bounded and convergent, say 𝑎𝑛 → 𝐿 ≥ 0; in particular {𝜇𝑛} is bounded, and by 
(24) so are {w𝑛} and {y𝑛}. 

http://www.svedbergopen.com/ijaiml


www.svedbergopen.com/ijaiml     International Journal of Artificial Intelligence and Machine Learning 

Vol.6, No.8s, 2026                       421 

Next we bound the increments between consecutive iterates. Rearranging (16) and using 𝜎(𝜇, 𝜇𝑛+1) ≤ 0, 
∥ 𝜇𝑛+1 − w𝑛 ∥

2≤∥ w𝑛 − 𝜇 ∥2− 𝑎𝑛+1 ≤ 𝑎𝑛 − 𝑎𝑛+1, 
using ∥ w𝑛 − 𝜇 ∥2≤ 𝑎𝑛 from (24). In the same way, (17) and (18) give 

∥ w𝑛 − y𝑛 ∥
2≤∥ y𝑛 − 𝜇 ∥2 −∥ w𝑛 − 𝜇 ∥2≤ 𝑎𝑛 − 𝑎𝑛+1,  ∥ y𝑛 − 𝜇𝑛 ∥

2≤ 𝑎𝑛−∥ y𝑛 − 𝜇 ∥2≤ 𝑎𝑛 − 𝑎𝑛+1, 
again using (24) to bound ∥ y𝑛 − 𝜇 ∥2 between 𝑎𝑛+1 and 𝑎𝑛 . Summing each of these three bounds from 𝑛 = 0 to 𝑁 
telescopes the right-hand side to 𝑎0 − 𝑎𝑛+1 ≤ 𝑎0 − 𝐿, so 

∑ ∥

∞

𝑛=0

𝜇𝑛+1 − w𝑛 ∥
2< ∞,  ∑ ∥

∞

𝑛=0

w𝑛 − y𝑛 ∥
2< ∞,  ∑ ∥

∞

𝑛=0

y𝑛 − 𝜇𝑛 ∥
2< ∞, 

and consequently 
lim
𝑛→∞

∥ 𝜇𝑛+1 − w𝑛 ∥= lim
𝑛→∞

∥ w𝑛 − y𝑛 ∥= lim
𝑛→∞

∥ y𝑛 − 𝜇𝑛 ∥= 0. (25) 

By the triangle inequality, (25) gives ∥ 𝜇𝑛 − w𝑛 ∥→ 0 and ∥ 𝜇𝑛 − y𝑛 ∥→ 0 as well: the three sequences become 
arbitrarily close to each other as 𝑛 → ∞. 
Since 𝐻 is finite dimensional and {𝜇𝑛} is bounded, by Bolzano–Weierstrass theorem (Every bounded sequence in 
a finite-dimensional normed space admits a convergent subsequence),there exists a subsequence 𝜇𝑛𝑖 → 𝜇̂ for some 

𝜇̂ ∈ 𝒦. Because ∥ 𝜇𝑛𝑖 − w𝑛𝑖
∥→ 0 and ∥ 𝜇𝑛𝑖 − y𝑛𝑖 ∥→ 0, the same subsequence gives w𝑛𝑖

→ 𝜇̂ and y𝑛𝑖 → 𝜇̂. Taking 

the limit 𝑛𝑖 → ∞ in (6), (7), (8), and using the upper semicontinuity assumption on 𝔉 and 𝑇 recorded in Remark 
3.7, we get 

sup
𝑥 ∈ 𝑇𝜇̂ 𝔉

(𝜇̂, ∝, ℏ) + 𝜎(𝜇̂, ℏ) ≥ 0     ∀ℏ ∈ 𝒦, 

We conclude that 𝜇̂ is a solution to problem (1). 
It remains to show the whole sequence {𝜇𝑛}, not just this subsequence, converges to 𝜇̂. Since 𝜇̂ is itself a solution 
of problem (1), the hypothesis gives 𝜎(𝜇̂,⋅) ≤ 0 on the generated sequences, so the argument leading to (24) 
applies with 𝜇 replaced by 𝜇̂ the sequence 𝑎̃𝑛 =∥ 𝜇𝑛 − 𝜇̂ ∥2 is non increasing. Since 𝜇𝑛𝑖 → 𝜇̂, we have 𝑎̃𝑛𝑖 → 0, and 

a non increasing sequence with a subsequence converging to 0 converges to 0 itself. Hence 𝑎̃𝑛 → 0, that is, 𝜇𝑛 → 𝜇̂. 
▫ 
 

4 Conclusion 
We introduced the 𝜎-nonstandard equilibrium trifunction variational inequality, a class of problems built on a 
multivalued operator 𝑇. We gave a three-step iterative algorithm for this problem, based on the auxiliary principle 
technique. We stated a three-point monotonicity condition on 𝐹 (Definition 3.4) and used it to give a full, step-by-
step proof of the main error estimate (Theorem 3.5). Under this condition, together with a sign condition on 𝜎 
along the generated sequences and an upper semicontinuity hypothesis (Remark 3.7), we obtained convergence. 
We showed the whole sequence of iterates converges to a solution (Corollary 3.6). The proposed framework 
encompasses several well-established classes of variational inequalities and equilibrium problems as particular 
cases. 
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