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Abstract
We describe a new class of equilibrium issues, the o-nonstandard equilibrium trifunction variational inequality (NSET). It employs a
multivalued operator T in the trifunction formulation. To overcome this problem, we can design a three-step iterative algorithm and apply
the auxiliary principle technique (AUXPT). The method does not require projection. We construct a thorough error estimate and
demonstrate that the iterative sequence converges to a solution when F has three points of monotonicity. This framework contains specific
examples of several well-known types of variational inequality and the equilibrium issues, such as the generalized mixed quasi trifunction
variational inequality and the generalized equilibrium problem.

Keywords: Trifunction Equilibrium problem; non standard Equilibrium problem variational inequality; Auxiliary principle technique;
Convergence.

1 Introduction

This paper studies o-nonstandard equilibrium trifunction variational inequalities. This framework brings together
several key ideas from applied mathematics: variational theory, variational inequalities, and equilibrium
problems. It gives a single tool for problems that were once studied separately, each with its own long and complex
method. The framework covers several special cases, including obstacle problems, economic models, and
problems in mechanics. This unified approach lets researchers find one general solution instead of solving each
problem on its own. This research also applies the (AUXPT). This technique is an effective way to build iterative
schemes for problems that are hard to solve directly. It turns a theoretical problem into a computable algorithm,
giving precise numerical results. The paper also studies monotonicity conditions that improve accuracy and
convergence, and give clearer results than earlier work. This does more than advance the pure theory: it also
shows that the solutions are stable, and it avoids some common practical difficulties.

In 1964, Stampacchia introduced the theory of variational inequalities [1]. This work gave a new framework for
analyzing problems in elasticity and optimization. In 1970, Martinet developed regularization methods based on
successive approximation [2]. In 1976, Mosco extended this theory to quasi-variational inequalities [3], where the
convex set itself can depend on the solution. In 1981, Glowinski and his colleagues introduced the auxiliary
principle technique [4]. This technique can solve hemivariational inequalities, which classical projection methods
cannot handle. In 1988, Noor extended nonlinear variational inequalities to elastostatics [5]. In 1994, Blum and
Oettli connected optimization with equilibrium problems [16]. In 2003 and 2004, Noor developed the auxiliary
principle technique further for equilibrium problems [6] [7]. In 2009, research on nonconvex variational
inequalities and extragradient algorithms grew [8]. In 2010, trifunction variational inequalities were introduced,
along with iterative methods for solving them [9]. In 2025, Gupta et al. introduced a class of trifunction variational
inequalities for general mixed quasi-equilibrium problems [10]. Their formulation adds a nonlinear term ¢(:,-).
They also gave an iterative scheme with three constants p, 8, y, and showed that this new class contains several
earlier classes as special cases.

Related to this equilibrium framework, several other works have studied monotone trifunctions and bifunctions,
nonlocal problems, and hemiequilibrium and hemivariational inequalities. Abed, Hashoosh, and Abbas established
existence results for equilibrium problems involving a B,-monotone trifunction [18]. Alrikabi, Hashoosh, and
Alkhalidi obtained existence results for nonlocal problems of (p,q)-Kirchhoff form [19]. Alwan, Naser, and
Hashoosh solved the mixed hemiequilibrium problem, with an application in a Sobolev space setting [20].
Hashoosh proved existence and uniqueness of solutions for a class of hemivariational inequalities [21], and,
together with Alimohammady and Kalleji, studied equilibrium problems involving an ¢-monotone bifunction [17].
More recently, Hashoosh and Ali proposed a modern fixed-point method in G-spaces with an application [22], and
Hashoosh and Jebur improved the well-posedness theory for hemiequilibrium problems [23].
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This work presents a novel class of problems: o-nonstandard equilibrium trifunction variational inequalities. This
class uses a multivalued operator T. We build a new iterative algorithm (Algorithm 3.1) based on the auxiliary
principle technique. This algorithm solves the problem without projection. Our framework is unified and flexible:
it contains many known classes as special cases, and it applies to problems in engineering, economics, and physics.
We also prove convergence under a monotonicity condition that is weaker than those used in earlier work.

2 PRELIMINARIES

Throughout this paper, let H denote a real Hilbert space endowed with the norm |I. || and the inner product(.,.) .
Let C(H) represent the family of all nonempty compact subsets of H,and let T: H — C(H) be a set-valued mapping.
Assume that K a nonempty, closed, and convex subset of H, and let ¢: X X K — R be a continuous bifunction. For
a given trifunction §: K X K X K — H, our objective is to find a point ¢ € K such that

su
xE Tu F o, h)+o(uh) =0 VheX 1)

which is called the o-nonstandard equilibrium trifunction in short (NSET) .
1-Ifsupo<eTM{f;(y, o, h) = F(h,h —p),and a(u, h) = ¢p(h, 1) — ¢ (u, w), then problem (1) is equivalent to finding u €
K such that
Fh,h—w) +d(h,w) —Pp(up) 20 VREX (2)
The above formulation is known as the generalized mixed quasi-trifunction variational inequality problem. [11].
2-If supocemig(y, «, h) = supocew(oc, h — u), then problem (1) is equivalent to finding 4 € X such that

sup
oceTM(oc,h—u)+a(u,h)20 Vhe XK (3)
This is called as the generalized mixed quasi variational inequality[11] [12] [13] [14] [15] .
Here we write supocem(oc h — u), not (T, h — u). The reason is simple: T is multivalued (T: H - C(H)).So Tu is a

set, and (Tu,) has no meaning. We use this same sup convention throughout the paper.

XETU
3-1If supocem‘{(;(y, o, 1) = §(u, h) then problem (1) is reduced to the generalized equilibrium problem (for short,

EP;), whichis to find 4 € K such that (u, h) + o(u, h) = 0 Vh € K ;[17].
Lemma 2.1. [10] Vu,h € H

2(u, B = llp + Rll® = lull® = NA2. (4)

3 Iterative approximation for (NSET)
We now use the (AUXPT) to propose and examine an iterative solution for the issue (1).
For each u € K, suppose the auxiliary equilibrium problem of finding w € H such that

sup
Pxe T‘u?f(,u.OC,h)+(w—u,h—w)+pa(u,h) >0 VheX (5)

where p > 0 is a constant. We assume this auxiliary problem has a unique solution w.
if we putting w = u, Therefore, w solves of (NSET) (1). This discovery enables us to offer the following iterative
strategy for solving problem (1) .

Algorithm 3.1. Given an initial element y, € H, construct the approximate solution y,,,; by the iterative scheme .
sup

Py E TW F(Wp, W, 2) + (lps1 — Wi, A — plyyq) + po(B, i) 20 VREK (6)

'By € Ty Fny, 1) + Wy =y, b —wy) + Ba(h,w,) =0 VAEK )
sup

Ve Ty, SWu ) + n =t h—ya) +yo(hy,) 20 VhEX (8)

In which p > 0, f > 0 and y > 0 denote positive constants.

The o-term in (6)-(8) reads o(#,'), with the test point # first. This differs from o(:, &) in the general auxiliary
problem (5). We choose this order for a reason: it is exactly what The third step in the proof of Theorem 3.5 needs
to obtain the error estimate.

Whenever supocem‘f\;(y, o, i) = (u, i) then Algorithm (3.1) is reduced to the following iterative procedure.

Algorithm 3.2. Given an initial element u, € H, construct the approximate solution p,,; by the iterative scheme .

Pg’(Wn, h) + (ﬂn+1 - Wn, h— .un+1) + pO'(h, .un+1) >0 VheX (9)
B%(Y‘m h) + (Wn —Yn h— Wn) + Bo-(h: Wn) =0 VheX (10)
YEWn, 1) +yn — i, A —yn) +yo(hy,) 20 VR EX (11)

In which p > 0, 8 > 0 and y > 0 denote positive constants.
if supo(em"&(y, o, h) = supo(ew(oc, f — u) then Algorithm (3.1 ) is reduced to the following iterative procedure.

Algorithm 3.3. Given an initial element u, € H, construct the approximate solution p,,,, by the iterative scheme .

sup
poce TW (o, = Wy) + (g1 — Wo, = lniq) + po(B piny) 20 VREK (12)
ﬂoce Ty (¢, A=y + Wy, =y i —wy)+ fo(h,w,) 20 VREXK (13)
sup
Yoce Ty, (% 0= Hnd +yn — b = yn) +yo(Ryy,) 20 VREXK (14)
n

As in case 2 of Section 2, we write supMET(‘)(oc,‘) rather than (T(-),"), since T is multivalued.
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A three-point monotonicity condition

The convergence proof needs a condition that links & at three points: the auxiliary iterate, the solution, and the
next iterate. We state this condition below.

Definition 3.4. The trifunction §: K X K X K — R is said to be generalized nonstandard relaxed monotone

(GNSR) with respectto T, ifforall p,q,r € X,

sup sup
we TpSP* D +y e1g8@y.n) +o(qr) <0. (15)
By selecting appropriate operators and an appropriate Hilbert space H, Algorithm (3.1) can be specialized to
recover several existing methods as well as derive new iterative schemes for variational inequalities and
complementarity problems. The following theorem is required to establish the convergence of Algorithm (3.1).

Theorem 3.5. suppose that ¢ € K is a solution of problem (1) and the sequences p, 1, Wy, y, are generated by
Algorithm (3.1). If F: K X K X K — R is (GNSR) with respect to T (Definition 3.4), then:

ltnes = EI* < 200 (@ pnsr) = Mttnar — will® + llwy, — 7lI° (16)
lw,, — 2l < 2B0 (@ wy) — llwy, =yl + lly, — &l (17)
ly, — 2l < 2yo (@, y2) — llyn — pall® + i, — AlI° (18)

Proof. We prove (16) in full detail; (17) and (18) follow by the identical argument under the index shift
(Uns1 Wiy Vi) = (Wi, Vi ) = (Yo U Hnyq) indicated at the end of the proof.
Step 1: Since € K solves (1), taking A = p,,, in (1) gives

sup
x €TH FW, X phny1) = —0 (W, Unyq)- (19)
Step 2 : Apply Definition 3.4 withp =w,,,q =1, 1 ynﬂ

sup
X E TW C&(anoc .u) +

Rearranging and substitutmg the bound (19),

sup _
x € Tw, SWn & 1) < =), ¢ Tu FW Y, tins1) = 0l tins1) < 0, fins1) = (L, fnga) = 0. (20)

This bound follows from the solution property (19) and Definition 3.4.
Step 3:Set h = pin (6):
sup _ _
Pw € Tw, SWn W) + {ltns1 = W, = fnga) + PO, fnsa) 2 0.
By (20) the first term is < 0, so

y € T.U WY, tn+1) + o, tnyq) < 0.

— sup — — —
(U1 = W = lns1) 2 =Py Ty, SWn W, 1) = po(l i) 2 —po( fnsa). (21)
Step 4 : Applying Lemma 2.1 with g = pt,, 1 —wpand = g — pp 44,
2(ﬂn+1 - Wy, 1 — .un+1) = |lw, — ﬁ”z —lp - .un+1"2 — 1 — Wnllz (22)

Multiplying (21) by 2 and substituting the left-hand side using (22),

Wy, = B = 7 = st I = Mts = Woll* = =200 (i),
which rearranges to exactly (16):
Itnss = BI° < 200G pnsr) = litnas = Wall* + llwy, = 7. (23)
Steps 1-4 for (17) and (18). For (17), repeat Steps 1-4 verbatim with the substitutions y,,; = w,, w,, = y,, using
(7) in place of (6) and Definition 3.4 with (p,q,r) = (y,, 4, w,,) in place of Step 2. For (18), repeat with p,.1 = y,,
W, = Uy, using (8) in place of (6) and Definition 3.4 with (p,q, ) = (4, I, y). In each case the intermediate bound
analogous to (20) is

sup sup

x €Ty, SOnSm <0 and cp, Tl n) <0
respectively, and the remainder of the argument is identical. =
Corollary 3.6. Throughout this corollary, we assume T is an upper semicontinuous set-valued mapping on K with
compact images, and §(:,-, i) is continuous in its first two arguments for each fixed #. Let H be finite dimensional,
and suppose problem (1) has a solution. Suppose that for every solution h € X of problem (1),

O’(E, h) <0 for every i € {u,,, w,, y:n = 0},

where {i,, }, {w,.}, {y.} are the sequences produced by Algorithm (3.1). Then y,, = /i for some solution /i of problem
(1).
Remark 3.7. The upper semicontinuity hypothesis in Corollary 3.6 is used once, to pass to the limit inside
sup“eT(.)"&(', «, h): it gives p,, — [ implies supxemni%(uni, , h) - supo(emi'y(/j, o, i). Compact values of T alone

do not give this; it must be assumed separately.

Proof. Fix any solution z of problem (1), and write a,, =l u,, — t lI%. Since 6(11,-) < 0 on the generated sequences,
(16)-(18) give, for every n,

Apyr Sl wy —u I2<Il Yn —H I12< Ap. (24)
So {a,} is non increasing, hence bounded and convergent, say a, = L = 0; in particular {u,} is bounded, and by
(24) so are {w,} and {y,}.
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Next we bound the increments between consecutive iterates. Rearranging (16) and using o (i, tty+1) < 0,
I s — Wy I2<l Wy — U 11~ Api1 < Ap — Anyt,
using || w, — &t II’< a,, from (24). In the same way, (17) and (18) give
Il Wy =y IP<SIy =012 =l Wy = 1 1P @y — Gpyq, Iy = tn IP< an—=lly, =0 I°< ay = Qpyq,
again using (24) to bound || y,, — 1 II? between a,,,; and a,. Summing each of these three bounds fromn = 0 to N
telescopes the right-hand side to ag — a1 < ay — L, so

[oe]

[oe]
Z I ey — Wiy 1< 00, Z lw,, — v, I7< o0, Z Iy — fn I12< 00,
n=0 n=0 n=0

and consequently

lim 1l g — Wy 1= lim I wy, —yp II= lim Iy, — pp 1= 0. (25)
By the triangle inequality, (25) gives Il 4, — w, - 0 and |l i,, — y, l= 0 as well: the three sequences become
arbitrarily close to each other as n — co.

Since H is finite dimensional and {u,} is bounded, by Bolzano-Weierstrass theorem (Every bounded sequence in
afinite-dimensional normed space admits a convergent subsequence),there exists a subsequence y,,, — /i for some
A € ¥. Because || up, — Wy, lI= 0 and |l t,; — yy,; I 0, the same subsequence gives w,, — 1 and y,, - 4. Taking
the limit n; — oo in (6), (7), (8), and using the upper semicontinuity assumption on & and T recorded in Remark
3.7, we get

su

We conclude that /i is a solution to problem (1).

It remains to show the whole sequence {u,,}, not just this subsequence, converges to fi. Since /1 is itself a solution
of problem (1), the hypothesis gives o({,-) < 0 on the generated sequences, so the argument leading to (24)
applies with i replaced by i the sequence d, =|l y,, — /1 I is non increasing. Since Un; = @, we have @,, - 0, and
a non increasing sequence with a subsequence converging to 0 converges to 0 itself. Hence d,, — 0, thatis, u,, — f.

4 Conclusion

We introduced the o-nonstandard equilibrium trifunction variational inequality, a class of problems built on a
multivalued operator T. We gave a three-step iterative algorithm for this problem, based on the auxiliary principle
technique. We stated a three-point monotonicity condition on F (Definition 3.4) and used it to give a full, step-by-
step proof of the main error estimate (Theorem 3.5). Under this condition, together with a sign condition on ¢
along the generated sequences and an upper semicontinuity hypothesis (Remark 3.7), we obtained convergence.
We showed the whole sequence of iterates converges to a solution (Corollary 3.6). The proposed framework
encompasses several well-established classes of variational inequalities and equilibrium problems as particular
cases.
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