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(Abstract

A normal or pure vector r is one whose components are scalars multiplied by the unit
basis vectors. It is shown that factors of the unit bases vectors, to represent a complex
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1. Introduction

As has been known for a long time, complex numbers appear, for example, as solution of system of equations to find
the intersection of curves or lines that do not actually intersect. The obtained roots that qualify this non-existent
cutoff point are what has been called complex numbers. In following Section 2, we used the strategy of solving a
system of equations of lines that do not intersect, such as the case of the two-dimensional parabola and the linear
equation of its directrix located in its same plane, finding its complex roots in a natural vector form. The analysis of
the result lead to the requirement of a four-dimensional space to be represented, with two real axes and two imaginary
ones. The problem was then posed within a three-dimensional space, and its complex roots required six dimensions,
confirming the 2N-dimensional structure obtained earlier. With these results, in Sections 3 and 4 a formal definition
of complex vectors was given. In Section 5 the multidimensional dot and cross products of pure and complex vectors
were developed. In Section 6, a discussion of these results is given. In Sections 7 and 8 were achieved the
multidimensional Cross and Dot vector triple products. Section 9 has a summary of complex vector features and
Section 10 our conclusions.
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2. Cut of a Parabola with its Directrix

2.1 Two-Dimensional Cut of a Parabola with its Directrix

As it is known, a parabola is the locus of the points equidistant from a point called focus and a straight line called
directrix also located in the plane of the curve, see Figure 1. By definition they never intersect. The distances denoted
by d from any point P(x, y) of the curve to the focus F(g, h), is d*> = (x — g)* + (v — h)* and to the directrix,

- ‘m(x—xo)—l(y—yo)‘z
- P +m’
through the point P(x, y,), also a point of the axis of the parabola. Equating the two distances, we can obtain another
general equation of the Parabola, which depends on the focus F(g, /), the point of intersection of the directrix and the
axis of symmetry, and the values of / and m, which define the orientation of the directrix. On the other hand, any point

. . . X=Xy _ Y=Y m / . .
on the directrix must satisfy: ) ~ ., -on y= 7(36 - xo) +Y, and x= ;(J’ - yo) + X, ; thus, its equation also
corresponds to: I(y — y,) — m(x —x) = 0. The values of [ and m defining the directrix can be any pair of values that are
kept proportional to each other. Solving the system of equations coming from establishing the equality of the distances

d respectively; where the values of / and m define the direction of the directrix, which passes

from a point P(x, y) in the curve to the Focus F and to its directrix, 4 = pF = pp', the values (x, y) of the “cut-off point”
of the parabola and its directrix are obtained:

2

/ m
l(y—y)—m(x—x)2 X=X, Y-y
(-2 +(y-s) L2l o ooy,
/ m [
2 2 X=X Y=
(rg) + (o) = =0 D

l(y—yo)—m(x—xo)zo

Substituting the y value by the expression » = %(x ~X,)+ ¥y, coming from the equation of the directrix; multiplying

by /* and making p_= Ig, and g_= mx,— I(y, — ), we have:

‘riangles PoAgF, P'A' P and
P’AP, are similar

m

G014k
v
1

Figure 1: Relations Between the Parabola and its Directrix
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(x-g) +[’7(x—xo)+yo—hjz =0 -2

(lepx)2+(mx7qx)2 :0—>x2(l2 +mz)72(lpx +qu)x+(pf +qf):0 ..(3)

Solving and simplifying:

Ip, +mq, £ \(Ip, +mq, ) ~(I*+m*)(p? +°) _lp.+mq. % j\(lg, ~mp,)’

X =
I +m? P +m?

R L R ) (R (L SR e M (S e TR

I +m?

Notice that in Equation (4), the expression /(x, — g) + m(y, — h) appears two times in the numerator. The way this
expression was arrived at was: that which is within the square root was obtained by adding and subtracting the term,
I*(x,— g)* + m*(y,— h)’, see this below:

(qu —mpx)2 = [l(mx0 —l(yo —h))—mlg]2 = lz(m(x0 —g) —l(yo —h))2
:lz{(mz(xo —g)2 +lz(y0 —h)2 +[lz(x0 —g)2 +m’ (y0 —h)zJ
—|:l2 (xo —g)z +m2(y0 —h)2:| —Zm(x0 —g)l(y0 —h))}

(Iq, —mpx)2 =r {(12 + m2)|:(x0 —g :| [1 —h)] } (5

Furthermore, by adding and subtracting to the first member of the numerator, (Ip, + mq ), the term [*(x, — g), we
obtain again the expression /(x, - g) + m(y,— h) in it:

(Ip, +qu)=lzg+m(mx0 -1(y, —h))=12g+m2x0 —Im(y,—h)=Pg+m’x,+I*(x,—g)—Im(y, —h)—I*(x, - g)

:(12 +m2)x0 —lm(yo —h)—lz(x0 —g) (lpx +qu):(12 +m2)x0 —l[l(xo —g)+m(y0 —h)} ..(6)

And the Equation (4) is so obtained. Dividing numerator and denominator by /2 + m?: we get

it —h>]+.,J[<xO—g> (o =1]_[10-g)+ m(vo =0T
T (mm) -

(12+m) (12+m )2

The expression, /(x,—g) + m(y,—h), which appears in the first term and in the radical sign of the numerator, is the dot
product of the following two vectors: /i +mj and (x,— g)i+ (y,—h)j. Since they are the expressions of the directrix and
parabola’s axis they are perpendicular to each other, so their dot product must be zero. Thus, defining

a,= \/(x(J ~g) +(v,—h)" and b, =+/* +m* , and simplifying, the “cut” of the curve with its directrix is given by:

x=x,%jl(ay/b,), y=y, = jm(a,/b,) (7

For example, in Figure 1, triangles P’AP and P A P are proportional. By taking the values of / and m as
[=-p(y,—h) and m = p(x,— g) where proportionality is ensured by the effect of the constant p, their dot product become
null, as follows:

l:_p(yo l+p Xo — .l:| |: (yo_h)j]:_p(yo_h)(xo_g)+p(xo_g)(yo_h):0 (8)

With the last definitions we can write:
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P+m’=p*(x, —g) +p* (v, h) =p'a; ..(9)
and the “cut off” in this case can be represented by:

{ x=x,%jl/p, y=yoxjm/p }

x=x,%j[~(x,-g)]. y=ytj(y—h) -(10)

Since imaginary parts behave as perpendicular vectors to the real ones, let’s try next to identify them, in fact, as true
vectors.

2.2 Interpretation of the Perpendicularity of Imaginary and Real Parts as Authentic Vector Axes

The perpendicularity between the imaginary and real parts of a complex number is an intuitive characteristic that works
fine and is accepted worldwide. However, when this accepted feature, is diagramed in a drawing, the particle, ;= J-1,
does not appear affecting the representation of the imaginary and real parts of complex numbers. By considering these
aspects in the definition of complex vectors, a mathematical interpretation could be: that the imaginary unit vector in the
direction of the imaginary axis comes from the product of such particle, j, by the unit vector along the coordinate
involved, i.e.: multiplying the particle, j, on the x axis by the unit vector i, and the same particle j, on the y axis by the unit
vector j, would define the products, ji=i, and jj=j, , as imaginary unit vectors perpendicular to i, and j, respectively,
and also between them. Then, by doing these actions on the expressions of x and y in Equation (7), and after multiplying
and reordering, we obtain as result a four-dimensional complex vector r composed by a real vector r, and an imaginary

one aAO , in the following way:

r=(x, % jl(ay 1 b,))i+(y, 2 jm(ay /b)) i=(xi+yod) [ 2(ji) + m(ji) |(a, / by) ~(11)
r=(xi+ o) £[1(i)+m(j,)](a /b)) =1, £ a, -(12)
By remembering that: I* +m” = b] ..(13)

ao

‘[l ji +m(]j (a, /b, ‘ ‘[l YEm(j,) ao/bo)‘: 7)2:% (14

Iey| = /%2 + 32, |a, =ao=\/(xo—g)2+(yo—h)2
(15
N =2+ a2 =32+ 32+ (5 — o) +(3,—h) (15

Since the real unit vectors about the real axes, i, j and the imaginary unit vectors, about the imaginary axes i,, j, ,

define planes perpendicular to each other, with the origin O as the only common point, both resultant vectors, r, and aAo

are also perpendicular. Setting aAo as:

a, =[1(i, i) (ay /) =[1(ji) £ m(ji) |(a / B) = j(li£mj)(a,/b,) (16)

Namely, multiplication by j indicates that the resulting vector:

o~

a, = j(lixmj)(a,/b,) ..(17)

is perpendicular to vector /i + mj , which is the direction of the directrix. So, aAo is perpendicular to the plane formed by

directions /i+mj and r,.

2.3 Cut of a Parabola with its Directrix in a Multi-Dimensional Space

Similarly, extending the cut of a parabola with its directrix line inside an N-dimensional space produces 2N-dimensional
complex roots that can be expressed, with similar definitions to those of 2.1 and 2.2, as the following complex vector:



Jorge A. Franco / Int.].Pure&App.Math.Res. 3(2) (2023) 1-19 Page 5 of 19

r:(xoiiyoji---izok)+[l(il)im(jl)i---in(kL)]/p—>r:r0+t;\0 .(18)

Similarly, defining:

Poont e =5 [(x =) + (0 oot (5 0) ] =) (19
2
| =52+ 4t 223 |ay =\/(12+m2+--~+n2)[2] =ay; ji=i; jj=j jk=k, -(20)

we have:

=i+ el =\ ez (g + () () Q1)

Since all unit vectors are perpendicular to each other, so are r, and 4, :

a, —[l(il)im(jl)i---in(kl)][zoj—j[liimji---ink](zoj (22)

0 0

Thus, when direction (, m, ..., n), is multiplied by the particle j = V=1, it becomes perpendicular to both the directrix
and the axis of the parabola. General examples of complex vectors are developed next.
3. General Complex Vector Definition

Thus, from the results above an “N-dimensional” complex vector needs 2N dimensions to be algebraically represented
and can be simply defined as:

r:(a+jb)i+(c+jd)j+-~~+(s+jt)n:(ai+cj+~-~+sn)+(bzl +dj, +-~~+tﬁL) -(23)
r=p+p,p=di+cj+--+sn=pu, §=bi, +dj, +--+1h, =y, ;r=pu+yi, ..(24)
pl=p=vNa’+c+ 457 |f| =7 =Nb +d7 44
F=lpt+ 7 =\/(a2+c2+---+s )+(b2+d2+---+12) -(25)
where, the perpendicular unit basis vectors: i, fl >0 j‘l , ..., N, i, constitute a 2N-dimensional space: N real dimensions

and N perpendicular imaginary ones, with a common origin O(0, 0, .., 0; 0, 0, ..,0). Likewise, given the perpendicularity
between the real and imaginary N-dimensional unit vectors, the total resultant vectors, real p = pu, and imaginary
¥ =ya, are similarly perpendicular to each other. This defines r =p +# as the total complex resultant vector, with its real
and imaginary parts perpendicular to one another. Recalling some of the properties of the dot and cross product of pure
vectors that can be applied and extended to complex vectors. From now on, the imaginary vector i, will be written
without the subscript that indicated perpendicularity, leaving only the italic format to simplify its writing, i, —i .

4. Characteristics of Dot Product and Cross Product of Two Vectors

4.1. Multi-Dimensional Scalar or Dot Product of Two Pure Vectors

As it is known, the scalar product of two vectors a and b is a scalar number defined as the product of their magnitudes
multiplied by the cosine of the angle ¢ between the two vectors:

a-b =|a||b|cos ¢ ..(26)
And on the other hand, in an N-dimensional space, for a=(a, Ay s a)andb=(b, by, e b):

a-b=ab +ab, +--+ab, -(27)

Where, |a|=/a; +a; +---+a’ and |b|=b] +b; +---+b] (28)



Jorge A. Franco / Int.].Pure&App.Math.Res. 3(2) (2023) 1-19 Page 6 of 19

4.2 Multi-Dimensional Cross or Vector Product of Two Pure Vectors

The cross product of two vectors a and b, forming an angle ¢ between them, can be defined, as a vector ¢ perpendicular
to a and b with the following features:

¢ =axb =|al|b|singn =|a||b|\/1 - cos’ gn = 1”&1‘2 ‘b‘z ~(a-b)’n ..(29)
for |¢| =|a|[b|sin ¢ = [a||b|/1 ~cos? ¢ = |a|’ |b] —(a-b)’ ..(30)

Thus, any different approach of the multidimensional product of two pure vectors must have a result equal to
Equations (29) and (30) as is demonstrated next in an N-dimensional space with the following expression:

unit vectors =1, j, v,..., w, k [T T
|a|=\jal +a, +a] ++a, +a

xo Yy Uy veey Uy z)

b=(b,.b,.b,....b,.b

> Pys Pysenes Uyys z)

a=(a,a ,a a
( \b\:\/bf+by2,+bf+---+bfv+bz2 (1)

The cross product can also be defined as the sum of C, , = M(N — 1)/2square matrices, 2x2 each multiplied by a
multivector u perpendicular to the unit vectors p, q, containing the remaining N — 2 unit vectors. Multivector o is
constructed by eliminating N — 2 columns and the first row, and after placing the first column in the last position and
repeating the same structural calculation:

i j v w k
axb=la, a, a, - a, a ..(32)
bx by bv T bw bz
For:
W=V, ., W, k; =g W, k;..; LI [ k; W =hY, Wi =i, W, K ......... su, =i, v,
where the next equality must be satisfied (as indeed it is):
21402 2 a, a, a. a, x4 a, w a, a,
c=axb=y/|a[ b —(a-b)n= b b} Unttlp o (Yt Yt b} P b S PR b Y .(33)
c= (axby - bxay)u]ij[ + (axb\, - bxay)u]iv[ + (axbz - bxaz)u]ik[ ot (awbz -b,a, )u]wk[ ..(34)
Absolute value of ¢ (that is | ¢]) also can be calculated from above as:
c=axb=|¢n= \/(axby -ba, )2 +(ab,~ba) +(ab, ~ba) +-+(ab ~ba)n ..(35)

This was checked with Sagemath software verifying that the following is null:

‘a‘z ‘b‘z —(a .b)2 - [(axby - bxay)2 +(ab, - bxa‘,)2 +(a,b,—b.a, )2 +--+(a,b, —b,a, )2} =0 .(36)

5. General Dot and Cross Product of Two Complex Vectors

Previous definitions obtained for pure vectors can be applied directly to complex vectors. Let’s see some examples, to
realize about other features of complex vectors’ dot and cross product.

5.1 Dot and Cross Product of TWO Complex Vectors in a Space of Two Dimensions

For example, let two complex vectors be: r, = (x, +jy, )i+ (x,, Ty )iand r,=(x, +jy, )i+ (x,, +jy,,)j. Its dot product,
converted and reordered, becomes:

h = [(xn + ]yn)i +(x12 +J'y1z)jj| '[(le +j)’21)i +(x22 +j)’zz)j:| = |:x11i+x12j+Y11i+ylzlA.:|'[lei T X )+ Y21f +Y2zj:|

=Xy Xy T XXy + VYo + ViV (37
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The cross or vector product of these two complex vectors, reordered into a 4D-space, arrives at:

fxTy = I:(xll + Vi )i + (xlz + jylz)j] X [(le + Vs )i + (xzz + jJ’zz)j] = |:x11i +xpj+ J’nf + Jﬁz]ﬂ X [x“i +xpit Yzlf + J’zz}}
(%)

L xr, = (xllxzz —x12x21)(i><j)+(x“y21 —yIIXZI)(in)+(x11y22 —y12x21)(i><_;')+(x12y21 _yuxzz)(j>< i)+(x12y22 _ylzxzz)(jxj)

+(y11y22 _Y12y21)(§x.;) ..(39)

where, i, j, are the real unit vectors, and, ji= ;,jj = } , are the imaginary ones of the 4D axes, all perpendicular among
them. Expressing the following C,, = 6 cross products based on the six unit vectors: i x j = n,=u. = (i.j)
ixj =n: :uuf[:(is j),lX} :ni;' :“]ij[:(f,j),j X =n.

=Wiji=(i,]), for ]p,q[ = (p,q)- Thus, the complex vector ¢=r, x r,, reorders to the following expression:

=uy s =@ 0 x j=n; = =00 ix —hij

C=T XTI, :(xnxzz _xlzle)nij +(x“y21 _ynle)nii +(x“y22 _ylzle)“;} +(x12y2] _J/nxzz)n,-i +(x12y22 _ylzxzz)nj; +(J’11y22 _Y12y21)“§»

.(40)

2 2 2 2 2
C=r X, = \/(xnxzz - Xlzle) + (x11J’21 - x21y11) + (xnyzz - y12x21) + (X12y21 - ynxzz) + (x12y22 - y12x22) + (Jﬁl)’zz ~ ViV )n
..(41)
where ¢ is perpendicular to r, and r, and n is a complex unit vector with equal direction as ¢. Notice that products of unit

basisi,j, {, j, creates a Six-Dimensional space with 6 unit-basis vectors n_=pxq=u_., for ]p,q[= the remaining two

unit vectors, different of p, q; perpendicular among them and to p, q. An easy way to construct and calculate the terms
in parentheses in Equation (41) is to use the 3x4 matrix arrangement:

io§ i
X2 Yu i ..(42)

X1 X Vu YV

xll

The “2D” cross product reordered to as a 4D product becomes equal to the number of C, , = 6 combinations, put
alike into matrix form, where the first row indicates the referred unit vector and the involved columns (p, q) (notice that
the six n o=u = (r,t), forr, t = p, q bases generate a six-dimensional space), with the sign of the 2x2 matrices in
ascending order, namely, by eliminating the first row and the (r, t) columns, we have:

M Yn

X Xy

X Vi

Xy Vm

X Vi

Xy Y

X Vi

Xy Vn

BTN CT
Yoa Vo

X X

X1 Xy

C=[xI, = u. + u. +

Ji

u. —

- u. -+
ij

i

u, .(43)

To prove Equations (41), (42) and (43), according to the definition of the cross product, r, x r,= 7 7 [sin(6,— 6 )In =
rrsindn, forr, =x i+x j+y,i+y,jandr,=xi+x,j+y, i+, j,and reordering, we can check the double
equality:

2 2 2 2 2 2 2 2
Xy Xy T, )*(le T Xy Ty +J’22)
n

= xr, = (m)z—(n-rz)ZFJ( .(44)

_(xnle T XXy + V0V ViV )2
Or, establishing that the expression inside the square root in Equaiton (44) minus that of the square root in Equation
(41), by using the help of Sagemath software, is easy to show that such difference is null:
var(‘x_11x 12x 21,x 22,y 11,y 12y 21y 22°)

expand((x_11Y°2:H(x_12)°2Hy 11 2+Hy 12)°2)*((x_21Y2+Hx_22)"2+(y 21 2+Hy 22)"2)-((x_11*x 21+x_12%x 22
+y 1%y 21+y 12%y 22Y2))((x_11%x 22-x_12%x 21 Y"2+(x_11%y 21-x 21%y 11y\2+(x_11*y 22-y 12%x 21)2
+(x_12%y 21 -y 11%x 22)"2+(x_12%y 22-y 12%x 22)"2+(y_l1*y 22-y 12%y 21)"2))==0 .(45)
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Itis worth noticing that vector ¢, can be reduced to two terms: au, , a real vector constituted by the terms multiplying
the real-basis vectors n, = ixjandn PiT i X j. The last unit basis should become a real one perpendicular to i, j and
of course to ;, j,because it does not contain internally the factor j, but the factor 2= —1, which is a real number and
it should not create an imaginary new axis, but a real new axis. Thus, it suggests us that we can define it as a new real
unit basis as corresponding to a component of au_, without the factor ;. The term ba,,,, is built by the remaining four

imaginary unit bases containing the factor j. In this way,
C=Tq1 XTIy =aug + bﬁl = aug + b(jul) = aug +jbul (46)

Thus, we have returned the change ¢ = aug + b, to € = aug + jbuy, in order to emphasize the perpendicularity
of vectors u, and U; = u; = juy. So, expressions of au, and bu, in (49), from (46), explicitly become:

aug = (X11Xz2 — X12X20) W5 + (V11Y22 — Y12¥21) Uy (47

buy = (X11y21 — X12y11)W4i + (X11Y22 — X21 y12)Wij + (X12¥21 — X22¥11)W5 + (X12Y22 — X22¥12) W5 -(48)
2 2

aug = \/(xnxzz _xlzle) + (ynyzz _y21y1z) Uy -(49)

2 2 2 2 50

bu, = (x“yﬂ _xlzyll) +(x11y22 _xlzyzl) +(x12y21 _xnyzz) +(x12y22 _y12x22) u; .(50)

Observe that in the case of pure vectors, without imaginary axes, the expression of ¢ reduces to:

K i j

c=rLxnL=0 x, x,|=

X X

k= (x“x22 —xZlez)k
Xy Xy
0 x, x

2 X»

So, it simplifies consistently to the cross product of two pure vectors in a 2-Dimensional space.
5.2 Dot and Cross Product of TWO Complex Vectors in a 3-Dimensional Space

Let’s apply the same procedure to the cross product of the 3D-complex vectors, r, and r,, forr, = (x , +jy, )i+ (x, +jv,,)i

The dot product can be reordered and written as:
rr= |:(x” +jY11)i +(x12 +jy12)j+(xl3 +jY13)k:| '[(xm +]y21)i +(x22 +j.sz).i +(x23 + ]yz3)k:|
hr,= |:x11i+xlzj+x13k +y11§ +y12j+y1312:| : [xZIi + x22) + x5 K+ Yo L+ yoof + YZ3E]

My Ty = XX + XpXpy + X325 + VYo + ViV + V130 ..(51)

For the cross or vector product of two complex vectors in three dimensions (actually six: three real, and three
imaginary axes, as it was within the dot product) we have:

rxry = [(x“ + jyll)i +(le + jylz)j + (xw + jyl})k] X |:(x21 + jy21)i + (xzz + jyzz)j + (xzz + jyzs)k]
= |:x11i +x,)+xK+ )’11’¢ + y12} + y13];:| X |:)621i +x,j+xk+ ymi + yzzj + yzsl;:|
With a similar cross product layout guide, by eliminating N-2 columns and the first row, as in Equation (42):
i i ok i j Kk
X X3 Y Yo Vi

Xy Xy X3 Vo Vo Iy

, its order is as follows:

X, X X, X y X, ¥ X, y X, X X, » X, »
o X 2 i3
c=rxr,=|"" 12 . g+ o Yu U, n Yo i o Yn uy, - 12 Vi u;, 2 Vi i
X1 Xy X X X1 Y X Y X1 Y X X3 Xpn V. X In
" X2 Vi3 X3 Vi X3 Y X3 Vi Yu i I BT Yo Vs (52)
Tk Tk Tl Ik | Nl 1ikI 1jk
X Vo3 X3 YV X3 Vn X3 Vs Yau Vo Y Y Yo Y
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Where for example uy;, = (i, k,i,j ) . The number of 2x2 matrices given by the combination of 6 dimensions taken in

pairs, is: C, , = 15, resulting finally a Fifteen-Dimensional space,
C=hXxM, = (xuxzz _x21x12)“]ij[ _(xuxzs RCIRE )u]ik[ + (x11y21 - x21y11)u]i;[ - (xllyZZ _x21y12)u]ij[ + (xlly23 BRAME )u]";[
+(x12x23 _x22x13)u]jk[ _(xlzyzl _xzz)/n)u]j;[ +(x12y22 _xzzylz)u]jjl _(x12y23 _xzzyls)u]j,;[ +(x13y21 _x23J/11)u]k,=[

~(x50m _x23Y12)“]kj’-[ + (X300 _xzsyw)u]k];[ + (M _.V21y12)u],~;| ~(nurn _yZIyZJ)qu];[ + (Vb _.szylz)uljlgl -(53)

Direction of resultant vector ¢ is simultaneously perpendicular to: vectors r, and r,, all unit vectors u . for Jm, n[

Jmn|

=p, q, r,s; all basis vectors i, j, k, i, j, k forany value of m,n, p, q,r,s= i, j, k. i, j, k . For instance, Uy = (i, iJ. k) .

So:

(xnxzz — XXy, )2 + (xnxzs - x21x13)2 + (x11y21 - )‘21)’11)2 + (x11YZz — X1V )2 + (xnyzs - xz1y13)2
2 2 2 2 2
C=IXxh = +(x12x23 _xzles) + (xlzyn - xzzyll) + (x12y22 _x22y12) + (x1zy23 - x22y13) + (x13y21 - xzzyn) n (54

+(x13y22 _xzsyn)z + (x13y23 —x23y13)2 + (ynyzz Vi )2 +(y11y23 Yl )2 +(y12y23 V)i )2

Checking, as before, this output via: e¢=r, xr, = sin@n=1/(r5) = (5 -1 )'n, forr, = (x, +/y )i+ (x, +jy,)i+ (x,

9, K] and 1= (05, i3, )i+ (6, 9, + (6 + K, we obain:
2 2
c=rxr :\l(”l”z) —(r-n)n

2 2 L2, 2, 2, 2\[(12 2,2 2, 2 2
\/(xn RIE TR ST () +y13)(x21 T X+ X3 Ty Ty +y23)
= n

) .(55)
_(xllxﬂ T+ XXy + X3 Xy F V1 Vor F ViV y13y23)

expand(((x_11)2+(x_12Y°2+(x_13)"2+(y_11Y°2+(y_12)2+(y_13Y"2)*((x_21)"2+(x_22)"2+(x_23)"2+(y_21)*2 +
(y 22)°2+(y 23)°2)-(x_11%x 21+x_12%x 22+x 13*x 23+y 11*y 21+y 12%y 224y 13%y 232 - ((x_11*x 22
X _21%x 122+ (x_11%x_23-x 21%x_13)°2+(x_11%y 21-x 21%y 112 + (x_11%y 22-x 21%y 12)°2+(x_11*y 23
-x_21%y 13Y2+(x_12%x 23-x 22%x_13)"2 + (x_12%y 21-x _22%y 11y 2+(x_12%y 22-x 22%y 122+ (x_I2%y 23
-x_22%y 13)°2 + (x_13%y 21-x 23%y 11)°2+(x_13%y 22-x 23*y 12y2+(x_13*y 23-x 23%y 13)'2 + (y_11*y 22
-y 21%y 122+ (y_11%y 23-y 21%y 13)"2+(y_12%y 23-y 22%y 13)"2))==

As seen, this approach for calculating the cross product of two pure or complex vectors in a space with any number
of dimensions, becomes consistent. On the other hand, we can reduce as above, a resultant vector, to a real and
imaginary two-term vector:

e =TI xI =auy +bi, ..(56)

For:

aug = (xnxzz _lexlz)uij _(xnxzs _x21x13)uik +(x12x23 _x22x13)ujk +()’11Y22 _y21J/12)u,~; _(yllyZS _y21y13)u,~‘,; +(y12y23 _YZZYB)“;;;
bii, = (x11y21 _x21y11)ui; _(xnyzz _xz1y12)“i; + (x11J’23 _x21y13)ui12 _(xlzyzl _xzzyll)uj; +(x12y22 _xzzylz)uj; _(x12y23 _xzz)ﬁs)uj,;

+ (x13y21 _xzzyn)uk; _(xlzJ’zz - xzzylz)uk; + (x13y23 - xzz)’n)uk,;

-(57)

If it had been the case of pure vectors, the imaginary axes, i, }', k would be null. And, the expression for vector c,

simplifies to the known result for two 3D vectors:

X X X X3 X2 X3

c=rXxrn = Uy — Up + Uy ..(58)
X X2 23

1 X Xy Xo3
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2 2 2
c=r XM= \/(Xllxzz - x21x12) + (xnxzs - x21x13) + (xlzxzs - xzles) n -(59)
In fact, for new vectors without their imaginary parts, r, = (x, )i+ (x ,)j + (x K, r, = (x, )i + (x,,)j + (x,,) k and for u,
=ku,=ju
were used to:

[

e i, by substituting and applying related changes in ascending order, we obtain the cross product we

X, X X, X X, X X, X X, X X, X
TRRE! TRERE 13 X B Xl Y2 Xl
C=hxh= Uy ~ Upg + Uy = k+ i+ i
X1 Xy X1 Xy b2 X Xy Xy X Xpn Xy
c=NXxr, == (x11x22 — Xy X )k + (xlzle — XXy )J + (x12x23 — XX )1 -(60)
i i Kk

C=M XM =1X, X, X3= (x12x23 —x22x13)1 + (xlsle _xzsxn)] +(x11x22 _x21x12)k

X1 Xy Xy

C=N XM= \/(x12x23 — XypXi3 )2 + (xlsle — Xy )2 + (xnxzz XX )2 n -(61)

Where, as said, n is a vector perpendicular to r, and r,, inside the three-dimensional space. See that Equation (61)
is equal to Equation (59). With these results, we can define the general Dot and Cross product.

5.3 Dot and Cross Product of TWO Complex Vectors in a Space of “N” Dimensions

This general case actually has 2N dimensions, N real and N imaginary ones, and originates 2N axes and 2N terms in the
DOT product:

Ml = Z 1V(x1ix2i + yliyzi) .(62)
And achieving C,, , = N(2N — 1) terms in the CROSS product, according to the arrangement:

i j k - n i j k - h
X X Xyt XNy Y Yo Vit Vi (63)
X Xy Xy vt Xy Vo Voo Vs o Vaw

By constructing N(2N — 1) terms all of them with 2x2 matrices of the following types:

Yo X

a=i--n,and b=j--n
Wiapy Jor > or

a=1---N,and b=2---N .

 la=in,andd=i-n )
Ui for . ;
a=1---N,and d =2---N

X2 X

a7 é=i, - hyandd=j, - h
th ‘or n
| é=1- N,andd=2,-- N ~(64)

The first part of the matrix model is built starting with that involving the first column with the second (x, x,, —x, x, ),
then the same first column followed by the third, and so on until the column N is reached (always in ascending order).
Next, for the second part is repeated starting with column 2 followed by the third and then the same second column
followed by the fourth and so on until the columns N—1 and N are reached, ending the real matrices, and we are at 1/3
of the procedure. Then the process continues in the same way, continuing with the first real column 1 followed by the
first column of the imaginary ones (NV+1), but with the imaginary ones named, instead ofx,,  as y,  until the penultimate
column is reached followed by the last column, and then we are arrived at 2/3 of the pr(;cedufe. The last part, only
imaginary, is similar to first part (only real) but instead we will have terms as (y, y,,~, ., )-

After constructing the matrices, and obtaining the terms of the form (x x,, —x, x Ju_ . or (x, y, —x, v Ju ., or
a a Jab[ l&” 2¢ 2¢ 1¢7 7 ac|
G d)ulc ap where its subindexes refers to the position of the specified column of the real or imaginary axes, and
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the subindex of the unit vectors refers to the involved product of the basis vectors. Having achieved these terms, the
Cross Product can be evaluated as shown for “one” (two), “two” (four) and “N” (2N) dimensions.

6. Discussion

The interpretation that the product of a real basis vector, i, j, K, ... by the imaginary particle j as another basis vector,

Jji=i.ji= j.jk= k., ..., imaginary and perpendicular to that involved, allowed us to obtain the definition of a complex
vector (a complex line), with the characteristics of an authentic vector, with a real and an imaginary vector part. This
new definition naturally explains the perpendicularity of the imaginary component with the real one in an authentic
vector notation. Such interpretation, allowed us to calculate the scalar and cross products without the influence of
the imaginary particle j=+/—1, which disappears within the definition of the imaginary basis vectors, i, j, k,... . It
also allowed obtaining the magnitude, or modulus, of a complex vector via a dot product in the same way as it is for
apure vector: |r|= Jrr = =r. Viewing two complex vectors as two complex lines which have an angle 8 between
them (r,-r, =r,1,c080, 1, xr, =r,,sinfn) in a space of any number of dimensions, with the definition of imaginary
vectors, without the particle j, is a key aspect not conceived in the works of Hamilton (1844) and of Gibbs (1884) 40
years later, in which the particle j was preserved within the complex number concept, forcing “its module” to be
expressed as known through the scalar product of a complex number times its “conjugate”: |z|= Jz-Z . So, the
definition of the complex vector module, done by these authors in this way, introduced an unsolvable contradiction
with the known definition of the module of a pure vector, |r| =rxr . However, after the pioneering works of these
authors on complex vectors, carriers of this misinterpretation, all those who approached this question using different
paths in their investigations (Silagadze, 2002; Mcloughlin., 2013; Chengshen ez al., 2022), through the Jacobi identity
with the application of different multidimensional matrices, or other paths, tried to reach consistent results, again in
our opinion, without success. Perhaps, this could have been the main reason for not succeeding with the
generalization of the scalar and cross product of two multidimensional complex vectors, in spite of the attempts made
until the present years. The new interpretation given to complex vectors in this work, by using the general expressions
of dot and cross product (f, xr, =77, cos6, I, xr, =1, 1, sin ) , to verify our view of the general used matrix model, made
possible to get natural expressions of the complex vector modulus and the generalization of scalar and cross
products for two vectors in a multidimensional space.

7. N-Dimensional Cross Triple-Product of Three Vectors: ¢ x (a x b)

Applying the general relations given by Gibbs (1884) we could develop the triple cross product of three vectors (pure
or complex). See some examples using the general relationship given in Gibbs (1884):

d=cx(axb)=(c-b)a—(c-a)b

7.1. Three-Dimensional Cross Triple-Product of Pure Vectors: cx (ax b)
In this example, vectors a, b and ¢ are in the plane XYZ. Thus, we can seta=ai+a yj +ak,b=bi+b yj + bk and
c=ci+cj+ck where,d=cx(axb)=(c-b)a—(c-a)b:

On one hand,

d=cx(axb)=(ch + cyby +eb)(aita yj +ak)—(ca, + ca, + ca)(bi+ b} Jj+bKk)

d=(acbhb +achb tacb-bca —-bca—-bca)i+(ach +acb +acb —-bca —-bca —-bca)j+(ach
X X x Xy y X z z X x x x yy Xz z y x x vy y y z z y x x yyy y z z zZ X X
+ach tacb —bca —bca —bca)k
zyy z z z zx x zyy z z z

d=(achb +achb —-bca—-bca)it(ach +acb. —bca —bca)j+(ach +acb —bca —bca)k
X yy x z z X yy X z z y X x y z z y X x y z z zZ X X zyy zZ X X zyy

Reordering d = ¢ x (a x b) in 2x2 matrices in ascending order, using the anticommutative law:

d= (cy (axby -ba, ) +c, (axbz -ba, ))1 + (7cx (szy - bxay) +c, (aybZ —b,a, ))J + (ﬂ:x (axbz - bxa_,) -c, (ayb_, —b,a, ))k

a, a, a, al), a, a, a, a[l), a, a, a, a, K
B VS el RN o Rl PR el S S | Ll PR B RS -(65)
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d=cx{axh)=

Figure 2: Graph Showing the Way to Obtain the Expression Below

On the other hand,

b b

X ¥y

d=c><(a><b):(cxi+cyj+czk)><{ax

d= cy(axby - bxay)ujk —clab — bxaz)ukj + cx(axby - bxay)u[k + cz(aybz - byaz)uki —clab — bxaz)u[j + cy(aybz - byaz)uﬁ
By using u, = Lu,=j, u,=k; and changing signs according to the anticommutative law:

d= [cy(axby - bxay) +clab bxaz)]ujk + [fcx(axby - bxay) + cz(aybz - byaz)]u T clab—-ba)- cy(aybz - byaz)]ul.j

Or, reordering into a 4x3 skewed cross product matrix, in ascending order, the result is seen directly in Figure 2.

a, a,

b, b

X 5%

a

b, b

X 5%

a, a,

b, b

Y z

a a

x y

b, b,

a a

X z

+c
: bx bz

}k .(66)

d=cx(axb)= [cy(axby - bxay) +clab —ba)li+ [—cx(axby — bxay) + cz(aybz - byaz)] j+[—~c(ab—ba)
- cy(aybz — byaz)]k ..(67)

Results are consistent, as in fact they must be, showing the suitability of the used models for 3D cross triple product
case (but they are applicable to any multi-dimensional cross triple product).

7.2. Four-Dimensional Cross Product of Three Pure Vectors
d=cx(axb)=(c-b)a—(c-a)b ..(63)
Settinga=aji+ajtav+tawb=bitbj+tbv+bwande=citcjtcvt+cw.

Using, ¢ - b=cb + cyby +cb tch andc-a=ca + ca tca, t+ca,on the one hand, by developing
(c-b)a—(c-a)bford=cx(axb)=(c.b)a—(c-a)b, wehave:

d=(cbhb +cbhb +cb +tcbh )(ai+ayj+avv+a w)—(ca +tca tca +ca)bi+tbjt+tbv+bw)
X X yy v v wow X v w X X yy v v woow X pl v w

d= (cy(axby - bxay) tcfab—~ba)+tc(ab, —ba )i+ (cw(aybx - byax) + cV(abe— byav) + cw(aybw - byaw))j +(c(apb,

-ba)+ cy(avbyf bvay) +c(ab, — bvd‘ty))v +'(cx(awbx -ba)t+ cy(awbyf bway) +clab —ba)w ..(69)

w WX

In this result, by changing the 2x2 matrices with their subscripts to those of the ascending order, and using the law
of anti-commutativity, d changes to:

d=(c(ab —ba)+clab—-ba)+tcfab —ba)it(—clab -ba)+tclab—-ba)tclab —ba)jt (-

oW

clab —ba)-— cy(aybv— byav) +clab —ba))v+(-clab —ba)— cy(a b — byaw) —clab, —ba )w ..(70)

oW

On the other hand, (a x b) expressed as 2x2 matrices (total: C, , = 6), and since each 2x2 matrix comes from eliminating
two columns and the first row, leaving bivector unit bases, we can put:

i j v ow u, =V, W ujw:—j,w
a, a, a, a,|,withbivectors defined as u,=—j,-v u,=i,w then:
bx b\ bv bw uiv = i, -V llij = i, j
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a, a,

bX

a, a
b, b

v v

a a

x v

bX bV

a a

X w

bX bw

axb=x=* u, + u, + u; (71)

u, +

y

The sign of c, in ¢ X (a x b) in this 4D case may be positive or negative, depending on its use. Let’s start with the +
sign for all terms to realize how the law of formation of signs arises:

d:cx(axb):(cxi+c}j+cvv+cww)

+ aX ay ax av ax w av av + ay aw av aw
x4+ u u, u, |’ u,, + u, + u,
b, b| ™ |b b " |b b 7T |b, b ™ |b, b T |p, b
d=tc(ab -ba)a tc(ab-ba)ya  *c(ab —-ba)a. tc(ab-ba)a *c(ab—-ba)u. tc(ab —
yNTx Ty xy) T jvw Xy x v T uw whTx T w x w T wjy XN x Ty x ) ivw vyl vy v viw waTy T w

byaw)uwiv
clap, —b

tc(ab ~baya tc(ab—-ba) *c(ab —ba)ya *tc(ab —ba)ya *c(ab —ba)n +
yw vy y v YoV Jmw w vow vVow wiyj X X w X ow v v yow yow Jiv
au

vow i
By taking the unit bases with three-letter subscripts as equal to that missing, i.e.: u =jx(v,w)=iu =vx (w,i)=
Jjou, =wx i, j)=v, u, =ix (j, v)=w; and giving negative sign to the matrix without the linked missing basis m(i, j, v, w)

ina, (a ), inside the parenthesis, as the sign of the coefficient c, (bold = positive) for p = x, y, v, w, we obtain:

X, P, Yy, W
d= [cy(axby - bxay) +c(ab—~ba)+c(ab —ba)li+ [—cx(axby - bxay) + cv(aybv— byav) + cw(aybw - byaw)] j +
[-c(ab,—ba)— cy(aybv— byav) +clab —ba)lv+t[-clab —ba)— cy(aybw— byaw) —clab, —ba)lw -(72)
Note: This process can be done directly by operating the following ascending order 4x4 matrix and locating the first

column as the last one after each matrix operation, and doing the 2x2 last rows as indicated by the skewed arrows until
finishing:

i[c),(axb}. - b_ra),) + ¢y(acb, - b,.a,) + ¢, (axb, — b,a, )]
+j[-cx(axby = beay) + ¢y (ayb, - byay) + ¢ (ayby, — byay, )]
+v[-c,(a.b, - b,a,) - ¢,(a,b, - bya,) + ¢, (a,b, —b,a,)]
+w[-¢,(a,b, - b.a,) - c),(a_\,.bw -k, a,)- ¢,(a,b, —b,a,)]

Figure 3: Graph Showing the Way to Obtain the Expression on the Right

So, we arrive at a replica of the results found above. This procedure to obtain the sign is easily generalizable and
applicable to multidimensional cross triple-product of complex vectors.

7.3. Fifth-Dimensional Cross Product of Three Pure Vectors: c x (a x b)

Settinga=a i+ a}j +tav+taw+takb=bit+b y] +bv+tbwt+bkande=ci+ c}j +cv+c w+ck, and developing
axbasasum, C,,=10, of 2 x 2 matrices in ascending order and using, ¢-b=c b _+ Cyby +eb teb tcbande-a=

ca tca +ca +ca +ca, ontheone hand, we have for d=cx(axb)=(c-b)a—(c-a)b:
X X Yy vy wow

d=(c-b)a—(c-a)b

d=(c-b)(aji+ ajtav+tawtak)- (c-a)(bi+ b}j +bv+b w+bKk)

d= (cy(axby - bxay) +clab~ba)+tc(ab —ba)+clab —ba)i+ (cx(aybx - byax) + cv(aybv— byav) + cw(aybw
- byaw) + ck(ayb = bya Di+(clap ~ba)+ cy(avby— bvay) +c(ab —ba)tclabp ~ba)v+(c(ab —ba)+ cy(awby

WX

- bway) +clab,—ba)+clab —ba)w+ (cx(akby - bkay) + cy(akby— b kay) +clab,—ba)+c(ab —ba)i
d= (cy(axby - bxay) +clab—~ba)+c(ab —ba)+clab —~ba)i+t (—cx(axby - bxay) + cv(aybv— byav) +c (ab

yow
- byaw) +cflab,~ba))j+ (—clab ~ba)— cy(aybv— byav) +cf(ab —ba)tclab —ba)v+(—clab —ba)—

cy(aybwf byaw) —clab —ba)+tclab —ba)w+(—clab~ba)- cy(aybkf bya J—clab —~ba)-c(ab —ba)k
-(73)
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On the other hand, the 3x5 matrix (a x b) expressed as C, ,= 10 matrices (2x2) becomes:

i v w k
a a a a a a a a
X v x v x w x k v v v w
axb=la, a, a, a, a _ib b u,, * b b u,, b u,, b b u;, * b b u,, b Wi
b b b b b X y x v x w x k y v y w
x 8% v w k
a a, a a a a a a
;G : ' .4
+ b} w,, £ w0 Hu, £ g,
v b b, b, b, b b, b,

Note: Each 2x2 matrix comes from eliminating three columns and the first row, containing three-vector unit bases. The
sign of each matrix, could be positive or negative, depending on its use. Let’s start with positive sign to all matrices to
check the law of formation of signs:

d :cx(axb) :(cxi-i—c),j+cvv+cww+c,\,k)

a.\’ a}’ u a)c av u + ax aw u a,\‘ al( + a."' a‘ u
b, b,| ™ b b, "™ |b, b, "™ b, b b, b ™
X
a a a a a a a a a a
y W v k v w v k w k
+ u., + u, + u,, + u,. + u,
ivk ivw ijk ijw ijy
b, b, b, b, b, b, b, b, b, b,

=(c(ab -ba)+c(ab—-ba)+tc(ab —ba ,)+ck(a bkfb ak))u. .
Xy Xy vaTx T X v whaTx T w X w x x Jywi

- byaw) + ck(axbk - bxak))uvwki + (7cx(axbv - bxav) - Cy(aybvi byav) + cw(avbw - bvaw) + ck(axbk - bxak))uwkij + (7Cx(ax w X w
- cy(aybwi byaw) - cv(avbw - bvaw) + ck(axbk - bxak))ukijv + (7cx(axbk - bxak) - cy(aybki byak) - cv(avbk - bvak) - cw(awbk -

bwak))u[jvw (74)

+ (fcx(axby - bxay) + cv(aybvf byav) + cw(aybw

b -ba)

By taking the unit bases with four-letter subscripts as equal to that missing, i.e.: u = jx(v,w,K)=i,u_.=vx(w,
k i)=j, u=wx(k i, j=v, u, =kx(j, V)=W, u, =ix(j,v,w)=k; and giving negative sign to the matrix without
the linked missing basis m(i, j, v, w, k) ina_(a,_ - ) inside the parenthesis, as the sign of the coefficient c, forp=x,
¥, v, w, we obtain:

d= (cy(axby - bxay) +clab—~ba)tc(ab —ba)+clab —ba))i+ (—cx(axby - bxay) + cv(aybv— byav) + cw(aybw

X w

vwki

- byaw) + ck(aybk - byak))j + (fcx(axbv - bxav) - cy(aybvf byav) + cw(avbw - bvaw) + ck(avbk - bvak))v + (fcx(axbw - bxaw) -
cy(aybwf byaw) —cfab —ba)+clab —ba)w+ (—<c(ab, —ba)— cy(aybkf byak) -cflab, —ba)—c(ab, ~
b a))k .(75)

This process, can be done directly by operating in ascending order the 4x5 vector matrix, moving the first column to
the last one, after each matrix operation, until finishing, generalizable, easily programmable and applicable to any 4xN (or
4x2N in the case of complex vectors) vector matrix:

d=cx(axb)=

Figure 5: Graph Showing the Way to Proceed with a 4x6 Matrix of Complex Vectors
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7.4. Three-Dimensional Cross Product of Complex Vectors
cx(axb)=(c-b)a—(c-a)b

The procedure used for cross triple product of pure vectors is similarly applied on 3D-complex vectors (really 6D).
For: a = (a,+ja )i+ (a, +ja)j+(a, +ja)k b=(b +jb)i+(b,+jb)j+(b,+jb)k €= (c +je)i+(c, +je )i+ (c, +je)k
Applying as above the 4x6 skewed complex cross product matrix model the result is obtained directly:

d= [cy(axby - bxay) +c(ab—~ba)tclab, ~ba)+clab,~ba)+clab,~ba)li+ [—cx(axby - bxay) + cz(aybz
- byaz) +c X(ayb - bya )+ cy(ayb - bya R cZ(abe - bya i+ [—clab —ba)— cy(aybz— byaz) +clab,~ba)+ cy(a-zby
~ba)+cflab,~ba)lk+[-—c(ab, ~ba)— cy(abe— ban) —cfab,~ba)+cfab,~ba)+clab,—ba)li+
[-c(ab,~ba,)- cy(ayb v bya p—clab,~ba)-clab,~ba)+clab,~ba)lj+[-—clab,~ba)- cy(aybzf bya )
-clab,~ba)-clab,~ba)—clab,—ba)lk ..(76)

This must be equal Gibbs (1884)tod=c¢x (axb)=(c-b)a—(c-a)b, asindeed it is.

d=(c-b)a—(c-a)b=(ca +cpb)i+ (cbay + caby)j +(c,a tcb)k+(ca,+cbIi+(ca,tcbh)jt(ca,+ch)k
(T7)

c,=ca, +cyay +CZ(JZ +chX +cYaY + c,a,
For .(78)

¢, =cb + cyby +c,b, +cyby +c,by, +c,b,

Applying definitions in Equation (78) and developing the differences in Equation (77), is obtained the expression
(76).

8. N-Dimensional Dot Triple-Product of Three Vectors
Let’s see examples checking the relation given in Gibbs (1884):
d=c-(axb)=b-(cxa)=a-(bxc)

8.1. Three-Dimensional Dot Triple Product of Pure Vectors

Now, we will try to obtain a direct procedure for the Dot product. Let’s start with the particular case of a =a i + aj,
b=bi+bjande=citcj+ck

i j k
axb=|a, a, 0 =(axby —bxay)k;
. b, 0
Jj Kk
bxe=|b, b, 0|=bci-bcj+(ca, —ac, )k
¢ ¢ c
i j k
cxa=lc, ¢, c|=-cai-caj+ (cxay —-ac, )k
a a, 0
d=c-(axb)=(ci+ cjtek): (axby - bxay)k = cz(axby - bxay) .(719)
d=b.(cxa)=(bi+ b}j) [eajitcajt(ca,— axcy)k] = cz(axby - bxay) ..(80)
d=a-(bxc)=(ai+ a, R [byczi —bcj+ (cyax - axcy)k] = cz(axby - bxay) ..(81)

In the general 3D case, fora=a i+ a jtakb=bi+ b} jtbk,andec=ci+ c}j +ck
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i j k
axb=la, a, a|= (aybz -b.a, )i —(ab,—ba.)j+ (axby —ba, )k
b, b, b,

d=c-(axb)=(ci+ cjtek): [(aybz - byaz)i —(ab.—ba)j+ (axby - bxay)k]
d=c.-(axb)= cx(aybz - byaz) - cy(axbz -ba)+ cz(axby - bxay) = cx(aybz - byaz) + cy(asz —ba)+ cz(axby - bxay)

..(82)
Or using directly:
¢ ¢ c
a, a, a|=c, (aybz —b,a, ) —c,(ab. —ba)+c. (axby - bxay) (83)
b, b b,

This is the volume of a parallelepiped of sides a, b and ¢ for the particular and general 3D-cases.
8.2. Four-Dimensional Dot Product of Three Pure Vectors
c-(axb)=b-(cxa)=a-(bxc)

This case should provide the volume of a three-dimensional parallelepiped in a four-dimensional space. Thus, as
above when making the products ¢ - (a x b) with 2x2 matrices considering the subscripts of the unit basis in ascending
order, positive signs are assigned if added subscript of the factor included (¢, ¢, ¢, ¢,) multiplying the parenthesis is
outside the ascending order of the subscripts located inside the parenthesis. If this is not occurring, negative signs

apply:

-(89)

So, multiplying matrices by coefficients ¢ indicated by subscripts of u =ptq, and assigning the positive sign if
m is outside the subscripts order of u, and the negative sign if not, we have:

a, a,

b b

x y

a a

v w

+
b, b

v w

u, +

vw

d :c-(axb):(cxi+cyj+cvv+cww) {

d=c-(axb)=(ci+ c, jtevtew)- [(axby - bxay)(v, w)+(ab —ba)-jw)+(ab —ba)=j—v)+ (aybv - byav)
(i w)+(ab,~ba)i-v)+(ab, —ba)Qj)]

yow

b,—ba)+(ctc)lab-ba)+(c,

xow

d=c-(axb)=(c,+c) (axby - bxay) + (—cy +c)(ab ~ba)+ (—cy —-c)(a
-c)(apb — byaw) +(c, + cy) (ab,—ba,)

yow
d=c.(axb)= cx[(aybv - byav) + (aybw - byaw) + (avbw —ba)]+ cy[f(a b — bxaw) - (axbv - bxav) + (avbw - bvaw)] +

cllab,~ba)—(ab,—~ba)-(ab,~ba)l +clab —ba)+ (b ~ba)+ (ab,—ba)l (86)

Similarly,

d=b-(cxa)=(bi+bj+bv+bw) {

=(i+b y] +byv+bw)- [(cxay — axcy)(v, w) +(ca —ac)i,w)+(ca, —ac )= —v)+ (cyavf aycv)(i, w) + (cyaw
- aycw)(i, —v)+(ca, —aw )i j)l

=(b,+b) (cxay - axcy) + (—by +b)(ca—ac)+ (—by -b)(ca,~ac)+ (b +b) (cyav - aycv) +(b,~b) (cyaw —
aycw) + (b, + by) (ca,—ac)

- cx[(aybv - byav) + (aybw - byaw) + (avbw - bvaw)] + Cy[i(axbw - bxaw) - (axbv - bxav) + (avbw - bvaw)] + Cv[(axby - bxay)
—(ab,—ba) - (aybw - byaw)] + cw[(axby - bxay) +(ab ~ba)+ (aybv - byav)] .(87)

As is shown above, this model satisfies the general vector equality demonstrated in Gibbs (1884) for Dot triple

product: ¢-(axb)=b-(cxa)=a-(bxc):
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¢ ¢ ¢ ¢ [bp b b b, |a, a, a, a,
Ord=la, a, a, a,|=|c, ¢, ¢, cl|=b b b b,
b, b, b, b, |a, a, a, a,| |c. ¢ ¢ ¢,

= cx[(aybv - byav) + (aybw - byaw) +(ab, —ba)l+ cy[—(a:b —ba)—(ab —~ba)+(ab —ba)l+ cv[(axby

- bxay) ~(ab,—ba)—- (aybw — byaw)] + cw[(axby — bxay) +(ab, ~ba)+ (aybv — byav)] ..(88)

Namely, in a space of four dimensions exists a lot of figures like the rectilinear line represented in one, two, three and
four dimensions; two-dimensional curve lines, three-dimensional curve lines and also four-dimensional curve lines, two
dimensional surfaces, three-dimensional surfaces and also four-dimensional surfaces, three-dimensional parallelepipeds
and also four-dimensional parallelepipeds and many other figures familiar or unfamiliar to us. In the case above we were
analyzing a scalar triple product which gives us, as said, the three-dimensional volume of a parallelepiped of sides a, b,
and c inside a four-dimensional space.

8.3. Three-Dimensional Dot Product of Three Complex Vectors
c-(axb)=b-(cxa)=a-(bxc)

The same general procedure for Dot triple product applied to pure vectors is used on three “3D” (6D)-complex
vectors a,band ¢, for: a= (a_+ja )i+ (ay +ja)j+(a, +ja)k b= (b +jb )i+ (by +jb)i+ (b, +jb K, ¢=(c +jc)i+ (cy
+jc,)j +(c.+jc,)k. By applying the following 4x6 direct Dot triple-product matrix of real and imaginary vectors the result
of C,,=10 matrices (2x2) per each factor ¢ (form=x,y,z, X, Y, Z) is obtained directly:

¢, ¢, ¢ ¢ ¢ ¢l |bp b b by b, b, |a, a, a ay a, a
c-(axb)=b-(cxa)=a-(bxc)=|a, a, a, ay a, a)=lc, ¢, ¢ ¢ ¢ ¢|=b b b by b b,
b, b, b, by by, b, |a, a, a. ay a, a;| |[c, ¢, ¢ ¢y ¢ ¢

= cx[(aybz - byaz) + (ayb - bya )T (ayb v bya Phs (aybz - bya J)+(ab,~ba)+(ab,~ba)+(ab,~ba)+(ab,—
bxf‘ Y) + (axb 7z bﬂz) + (ayb 7z byaz)] + Cy[_(axb z b xaz) - (abe_ b an) - (abe_ b an) - (axbz_ bxaz) + (azb X b zaX) + (azb Y
- bzaY) + (azbz - bzaz) + (aXbY_ bXaY) + (axbz_ bxf‘z) + (aybz - bYaZ)] + cz[(axby - bxay) - (abe_ bxaz) - (abe_ ban) - (axbz
-ba)- (abe— ban) - (ayby— byay) — (aybz — byaz) +(ab,~ba)+(ab,~ba)+(ab,~ba)l+ cX[(axby - bxay) +
(ab.—ba)~+ (aybz - byaz) —(ab,~ba)- (ayb v bya p—(ab,~ba)-(ab,~ba,)- (aybz - byaz) —(ab,~ba)+(ap,
-ba)]+c 1,[(axby - bxay) +(ab —~ba)+(ab,~ba)+ (aybz - byaz) + (ayb o~ bya ) t(ab,~ba)—(ab,~ba,)- (aybz
- bya J)—(ab,~ba)—(ab,~ba)+ cZ[(abe - bxay) +(ab —~ba)+t(ab,~ba)+(ab,~ba)+ (aybz - byaz) + (ayb x
- ban) + (ayby— byay) +(ab,~ba)+(ab,~ba)+(ab,~ba)l ..(89)

9. Complex Vectors: Summary (and with the Imaginary Part Null for Pure Vectors)

From results, and definitions in sections above, can be derived the following properties for complex vectors, additional
to those known of pure vectors.

A)r=(a+/b)i+(ct+jd)j+..+(s+jim=(ai+cj+...+sn)+[b(i)+d(j)+ ... + t(jn)]. Abasis vector v multiplied by

j=+/-1 creates a new basis vector ¢ = jv, or an imaginary vector y , perpendicular to v.

B) r=p+ j;p=adaitcj+..+snand § =b(ji)+d(jj)+..+1(n)=bi +dj+..+th

O r=ru =pu+yi,whereuand j are perpendicular unit vectors.

For r=\p’+y* p=Na*+c* +..+s*and y=\p* +a* +...+¢* .

SO, p=Na? .t B A d 1

D) r=p+y=pu+yu=ru, —>r=r(cosbu+sindi)=re’’u,, where r, inside a space of 2N dimensions, is located in the
plane formed by the perpendicular vectors p and 7 ; and &1is the angle between r and p. In this way, we can write
that p=rcos@and y= rsiné.



Jorge A. Franco / Int.].Pure&App.Math.Res. 3(2) (2023) 1-19

Page 18 of 19

I~—J — W i ] W

Cx 26y . Cw cx ¢ T Cw

d=cx(a><b)= a @y, M’aw
S

b% by by —»bw

Figure 6: Graph Showing the Way to Proceed with any 4x2N Matrix of Complex Vectors

E) Dot product for basis vectors where p = q: p.q=0;p.p=q.q=1forpandq=i,j,n,..., i, j, a.

F) v=z(k(r)) = z(k(re’’u,)) = kz(re’’u ), where k is a scalar and z = |z|e’” a complex number. In addition to multiplying by
k, arotation pofthe vector r is produced by z: i.e.: v=|z|e” (k(re’u, )) = k|| (re"”*“’>u,) =k|z|(r(cos(0+p)u +sin(6+ p)i)) .
G) Multi-Dimensional Dot product of TWO Complex Vectors:

rrn= zf\l(xlixﬁ + yliyZi)
H) Multi-Dimensional Cross product of TWO Complex Vectors:

i j k - n i j k - &

T e e e e e Y= gum of all the 2x2 matrices:
Xo1 Xy Xyttt Xy Vo Voo V3t Doy

u. a d
Ug a b . . todl . TR
0w m g {azl...n,andb=]...n } 0 % Yalg {a=l...n,andd=t...n }
la 2a or a 1d or .
0 x, X, a=1...N,and b=2...N|’ | S a=1.N.andd=1..N
U € d

é=i.mandd=j..h
or| O e for{A p }
0 yu ¥y ¢=1...N,and d =1...N
) 2N-Dimensional Dot product of THREE Complex Vectors satisfying:

c-(axb)=b-(cxa)=a-(bxc)

€, € e €y Cy G Gy
d=c-(axb)=|a, a, 4, dy 4y %| . See sub-sections 8.2 and 8.3.
b b, .. b, b, b .. b,

J) 2N-Dimensional Cross product of THREE Complex Vectors satisfying:
cx(axb)=(c-b)a—(c-a)b

Doing as indicated in Figure 6, changing the initial column to the last one and repeating we obtain the resultant sum
of matrices.

(See sub-sections 7.2 and 7.4.)

10. Conclusion

New expressions for Multidimensional Cross and Dot products of Complex Vectors have been achieved, by using
known general relations of pure vectors Gibbs (1884) and showing how the expression of complex roots on each axis is
obtained as a natural solution to the strategic problem of cutting a parabola with its directrix (they never cut each other).
With these foundations we defined and achieved the calculation the Multidimensional Dot product of two Complex
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Vectors and , giving as result a real number; and also, of its Multidimensional Cross Product, yielding another
complex vector, perpendicular to r, and r,. The used matrices of calculation give consistent results for both the Dot
and Cross Product of two pure or complex vectors, considered them as pure or complex lines (r, . ¥, = r,7, cos,
r, xr,=rr,sindn). Based on the general definitions indicated above and those found in Gibbs (1884) it was also
possible to get the Multi-Dimensional Dot and Cross complex triple products, ¢ - (a x b) and ¢ x (a x b). Similar analyses
can be developed in detail (as in this work) and checked for other N-Dimensional Dot and Cross products with
general relations provided in Gibbs (1884), such as:

a) [axPB].[yxd=(a.y)PB.8)—(a.8)B.v)

b) [axB]x[y x8]=(a.y P —(B.y*xda=(a.p*xdy—(a.P *x7)d

) ax[Bx[yxd]]=(a.y*dP-(a.Pyy*xd=(PB.8)axy-(B.y)ox3

d) [axPBl.[yxd]x[exE]=(a.Bxd)(y.exE)—(a.px)E.&%xE)
=@.Bxe)E.vyxd8)—(a.BpxEE.¥*x)=(.0xa)P.exE- (.8 xP)a.exE)

e) [axBl.[Bxylx[y>xal=(a.Bxy)

Finally, this work shows that the definition of “the conjugate” of a complex number is a forced (false) concept that
leads to unsolvable contradictions, not only with the definition of the modulus of a complex vector, but may be one of
the causes that have so far prevented obtaining an adequate definition of the complex vector itself (such as the one
achieved in Section 2.2).
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