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Abstract
The aim of this work is using the information in the ATLAS of Finite Groups (Wilson et
al., 1985) and by developing a program inside the GAP computational system (The GAP
computational System , 2010), to determine all Hall -subgroups for some finite classical
simple groups such as some of the finite unitary and finite simplectic simple groups and
some of finite simple groups of of Lie type. The structures and permutation representations
of the Hall -subgroups have been found. By using the following theoretical and
computational algorithms, we determined the solvable subgroups of large order of the
finite non-abelian simple linear groups G = L2(p) = PSL(2, p), for p > 5 and p is a prime
number, also their presentations and permutation representations have been found.
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1. Approach of Collecting Hall Subgroups

We combine the information in the ATLAS (Wilson et al., 1985) with explicit computations using the GAP system (The
GAP computational System , 2010), in particular its library of finite groups and its Character Table Library. We can define
the non-abelian finite simple groups, by using the GAP system, as follows:

1.1. Cases Where the Structure of the Finite Simple Group is Available in the GAP Library

The non-abelian finite simple groups who’s Structures are available in the GAP library are collected by using the
following GAP-functions:

The only Symplectic classical groups of dimension n over the fields GF(q) which appear in the ATLAS (Wilson et al.,
1985), are:

S4(2)' S4(3) S4(4) S4(5) S4(7) S4(9) S4(11) S4(13) S4(17) S6(2) S6(3) S8(2) S8(3) S10(2)

By using the following command:

gap> g:=SymplecticGroup(n,q); or
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gap> g:=PSP(n,q);

The only Unitary classical groups of  dimension n over the fields GF(q)  which which appear in the ATLAS (Wilson
et al., 1985), are:

U3(3) U3(4) U3(5) U3(7) U3(8) U3(9) U3(11) U3(13) U4(2) U4(3) U4(4) U4(5) U5(2) U5(3) U5(4) U6(2) U6(3) U7(2)

By using the following command:

GAP> g:=ProjectiveSpecialUnitaryGroup(n,q); or

GAP> g:=PSU(n,q)

The only simple groups of Lie type which can be directly collected from the GAP-command which also appear in
ATLAS (Wilson et al., 1985), are:

R(27), Sz(8), and Sz(32)

By using the following command:

GAP> g:=Suz(8); or gap> g:=SuzukiGroup(8);

GAP> g:=Suz(32); or gap> g:=SuzukiGroup(32);

GAP> g:=Ree(27); or gap> g:=ReeGroup(27);

1.2. Cases Where the Structure of the Finite Simple Group is Not Available in the GAP Library

The non-abelian finite simple groups who’s Structures are not available in the GAP library can be collected by using
their generators appear in the ATLAS.

2. Calculating Hall -Subgroups

We develop the following program, by intensive uses of some of the GAP functions, to compute the orders of the Hall
-subgroup M in the finite non-abelian simple group G which appeared in the Atlas of Finite Groups (Wilson et al.,
1985). Also this program by using the information in the Atlas and the GAP system, in particular the Character Table
Library (Breuer, 2012), finds the structure of M, its  presentations with generators, its  conjugacy classes of elements
with their fusions map in G, and also its permutation representations in G. Also this program investigate some properties
of M.

s:=Set(Factors(Size(g)));; “find the set of primes of order of the simple group g”

q:=PartitionsSet(s,2);; “Find the all proper subsets of s”

Display(“--------------------------------”);

for j in [1 .. Length(q)] do

> r:=q[j];

> for i in [1 .. 2] do

> if Length(r[i])>1 then

hhh:=HallSubgroup(g,r[i]);

if hhh= fail then

> Print(“? = ”);Print(r[i]);Display(“      ”);

Display(“No Hall ?-Subgroup”);Display(“---------------”);

elif hhh<> fail then

Display(“    ”);

Print(“the Hall”);Print(r[i]);Print(“-subgroup H of G is the   ”);
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Display(hhh);

order:=Size(hhh);Display(“   ”); Print(“ and its oreder is  ”);Print(order);Display(“    ”);

gen:=SmallGeneratingSet(hhh);

Display(“ and H is generated by  ”);Display(gen);

Display(“ and H is Isomorphic to the group  ”);

struc:=StructureDescription(hhh);

Display(struc);

kkkk:=Group(gen);

hhh:=kkkk;

cc:=CharacterTable(hhh);;

Display(cc);

cname:=ClassNames(c);;

ccname:=ClassNames(cc);;

fuss:=FusionConjugacyClasses(cc,c);

fus1:=fuss;

Display(“The Fusion Maps are  ”);

for rw in [1 .. Number(fuss)] do

 tw:=fuss[rw];;

 qw:=cname[tw];;

 Print(qw);Print(“   ”);

 od;

 Print(“                     ”);

 Display(“                       ”);

Display(“The Induced Character is = ”);

ind:=PermChars(c,Size(c)/Size(cc));

perm:=PermCharInfo(c,ind) .ATLAS;

Display(perm);

Display(“----------------------------”);

Display(“Some properties of this Hall Subgroup : ”);

 z1:=IsSimple(hhh);;

 z2:=IsAbelian(hhh);;

 z3:=IsNilpotent(hhh);

 z4:=IsSupersolvable(hhh);;

z5:=IsSolvable(hhh);

z6:=IsCyclic(hhh);

> fi;

fi;od;
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Display(“----------------------------------”);

> od;

> od;

References

Abdoly, V.D. (2003). An Algorithm to Construct Representations of Finite Groups, Ph.D. Thesis, Carleton University.

Breuer, T. (2012). The GAP Character Table Library. Version 1.2, 2012 . www.math.rwth-aachen.de/~Thomas.Breuer/
ctbllib 2012, GAP package.

Burnside, W. (1955). Theory of Groups of Finite Order. Dover Publications Inc., New York.

Connon, J., Mckay, J. and Young Kiang-Chuen. (1979). The Non-abelian Simple Groups G , |G| < 105. Communications
in Algebra, 7(13), 1397-1406.

Dixon, John, D. (1991). Constructing Representations of Finite Groups. Groups and Computation. New Brunswick, NJ.

Dornhoff, L. (1971). Group Representation Theory (Part A). Marcel Denker.

Drozd Yu, A. and Skuratovskii, R.V. (2008). Generators and Relations for Products. Ukrainian Mathematical Journal,
60(7), 1168-1171 .

Gorenstein, D. (1983). The Classification of Finite Simple Groups. 1, Journal of Groups.

Grove, L.C. (1997). Groups and Characters. John Wiley & Sons, New York.

Hall, Marshall Jr. (1972).Simple Groups of Order Less than one Million. Journal of Algebra, 20, 98-102.

Issacs, I.M. (1994). Character Theory of  Finite Groups. Dover Books on Mathematics.

Nickerson, S.J. (2006). An Atlas of Characteristic Zero Representations. Ph.D. Thesis, University of Birmingham.

Wilson, R., Walsh, P., Tripp, J., Suleiman, I., Rogers, S., Parker, R., Norton, S., Nickerson, S., Linton, S., Bray, J., Abbott,
R., Conway, J.H., Curtis, R.T.  and Parker, R.A. (1985). Atlas of Finite Group Representations. Version (2), 1985,
Version (3), 2004-2012, available online at: web.mat.bham.ac.uk/atlas/

The GAP computational System (2010). Groups, Algorithms, and Programming. Version 4.5, http://www.gap-system.org.

http://www.math.rwth-aachen.de/~Thomas.Breuer/
http://www.gap-system.org.


Page 67 of 74Sarah Mohammed Abdullah Alhwaimel / Int.J.Pure&App.Math.Res. 2(2) (2022) 63-74
A

pp
en

di
x 

1



Sarah Mohammed Abdullah Alhwaimel / Int.J.Pure&App.Math.Res. 2(2) (2022) 63-74 Page 68 of 74
A

pp
en

di
x 

2



Page 69 of 74Sarah Mohammed Abdullah Alhwaimel / Int.J.Pure&App.Math.Res. 2(2) (2022) 63-74
A

pp
en

di
x 

3



Sarah Mohammed Abdullah Alhwaimel / Int.J.Pure&App.Math.Res. 2(2) (2022) 63-74 Page 70 of 74
A

pp
en

di
x 

4



Page 71 of 74Sarah Mohammed Abdullah Alhwaimel / Int.J.Pure&App.Math.Res. 2(2) (2022) 63-74
A

pp
en

di
x 

4 
(C

on
t.)



Sarah Mohammed Abdullah Alhwaimel / Int.J.Pure&App.Math.Res. 2(2) (2022) 63-74 Page 72 of 74
A

pp
en

di
x 

4 
(C

on
t.)



Page 73 of 74Sarah Mohammed Abdullah Alhwaimel / Int.J.Pure&App.Math.Res. 2(2) (2022) 63-74
A

pp
en

di
x 

4 
(C

on
t.)



Sarah Mohammed Abdullah Alhwaimel / Int.J.Pure&App.Math.Res. 2(2) (2022) 63-74 Page 74 of 74
A

pp
en

di
x 

4 
(C

on
t.)

C
ite

 th
is

 a
rt

ic
le

 a
s:

 S
ar

ah
 M

oh
am

m
ed

 A
bd

ul
la

h A
lh

w
ai

m
el

 (2
02

2)
. T

he
 H

al
l 

-S
ub

gr
ou

ps
 of

 S
om

e o
f t

he
 C

la
ss

ic
al

Si
m

pl
e 

G
ro

up
s. 

In
te

rn
at

io
na

l J
ou

rn
al

 o
f P

ur
e 

an
d 

Ap
pl

ie
d 

M
at

he
m

at
ic

s 
Re

se
ar

ch
, 2

(2
), 

63
-7

4.
 d

oi
: 1

0.
51

48
3/

IJP
A

M
R.

2.
2.

20
22

.6
3-

74
.


	Title and Authors
	Abstract
	1. Approach of Collecting Hall Subgroups
	1.1. Cases Where the Structure of the Finite Simple Group is Available in the GAP Library
	1.2. Cases Where the Structure of the Finite Simple Group is Not Available in the GAP Library

	2. Calculating Hall -Subgroups
	References
	Appendix 1
	Appendix 2
	Appendix 3
	Appendix 4
	Appendix 4 (Cont.)
	Cite this article as



